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By 


H, Smoar 
(Received October 24, 1944) 


P. Humbert (1985) has, with the help of symbolic calculus of Heaviside, considered 
the properties of Fresnel’s integrals. With the usual techniques, we propose to record 
below some results (including some analogues of Humbert’s results) for the more géneral 


pair of integrals [ J(u) dx ‘and | J-(æ)dz (k 20, but 4: an integer) ae by S(z) 


and S_z(2) — M" When ki is zero or a positive intéger, since J (x) = (—)*J;(a) 
wand therefore Sy = 884, 8 = lor —1, according as k is even (including zero) or odd, we 

shall denote the corresponding integrals by C(x). We shall assume that the relevant 
' .rules and images are known and therefore avoid the insertion, even of those that would 
be employed here. Frequent application of Lerch’s Theorem (1903) has been made in 
what follows in the derivation of an equality from an operation. 


1. We immediately find from Carson’s rule that 





l =e i a [w (p^ 1)—- p]! 
() A J Tes e WE TPL, 
_ [V (p 1)-p]-* [4 (p?+1)+p]* 
M | "nmm cn J(p-1): * 
Again 1 a 
| .— B) ioe plv (p *1)-p], k-m>0, 


Ca [ Jen) 
+ (-m) f us Sax — y) dy. 
0 . 


= 
Slo - (k-m) f 7 k—m 0. 
Oo - 
(i) Next consider 


a l 1 = ` 
EA Cua) = V (p^ 4 1j 2. 1j in 3 [vp +1)- p] 
1 "o 


/ (p? - 1) 12-p— V (p? - 1)' ] <l, p>0) 


xtp ^C 6 = 


CUP ES = alal ~ ern sje JUN Vea vay +2) 


( [v(p?-+1)-p 


2 H. SIRCAR ` 


whence 


neal 


3 C,(2) = 3 [2+ f. y) 2 dy |. 
0 


(iit) We have 


f f S(x — y) Sx(y)dy + 
0 - 





Li f(p?+1)—p]* — 1rf1 "d 
LX UH - dE E FU |plv e n-2]* 


dum 
. = ak f U [s-y-sin(2-y))dy, k>0. 
0 


J Siew Saidy = 2k f 39) [e-y-sin e- yay. o 
0 0 
(iv) It is not difficult to prove the equality - 


e f Iely) Seley) dy = f InG) Sule-) ay, s+ = stk, 
5 0 0 


Differentiation yields 
| f Ja(y) Ju(e -y)dy = f Jay) In(a—y)dy, s, ath, 
7 70 0 


which can also be obtained directly. 


2, Application of Dr. Pol’s and of 8. Goldstein's formulae (of which the former is a 
special case of the latter) yields the two following results. The advantage of the applica- 
tion resides in the fact that the integration of complicated functions can be made to 
depend on known and simpler functions. 


() With 0<h<1, 
f &:9-89, = f [4 (z*1)72]* — [v(zt9)-e]lP a. 
c 
0 0 


zw (x? +1) 


the integrand on the right has the value 2k when z—0, and g-test (with p= 2-—k, 
O<k<1) shows that the infinite integral is convergent. Putting æ = sinh6, this 
reduces to the well-known integral k 





af sinh kô yg, Sin Em. dandis, Ok. 
sinh 6 1+ eos kr 


k = 4 corresponds to Humbert’s result. 


(i) With 
S, = [ y (p? "T 1) —-p]* x $ p~ d 
' V(pi+1) ' TD+8) 


8, a positive integer and k > 8—1, 


I= f «5 Saleda = 1 fw [V (1) 7 ous. 
0 0 


I'(1-4 8) A/ ‘a? + 1) 





N 


2 # 
INTEGRALS | J,(z)dt AND f J (æde 
o 


0 


p-iesb with p = k—s+2 readily shows that the integral is convergent, 


lc af 75? ginht7!0 d0, (a = sinh 6), 





1 
Eire Ae T (B+ art+1—s) 8 - ro 
zu PIG yo. f: x P. iC re t EXE ics] 
In particular 
1 1 
for 8-1, I=}. k>0; for 8-2, Br k—1. 


8. With k+k’=k,+k, — 8 = a positive integer, 


f sie=wseivity e N, 


. and 
1 "ETDHBDI 

f Sor @—y) Sp (y)dy + Livene, 

0 p. 

we have, writing a = J(p*--1)*p, b= J(p'*-1)-p, a—b — 2p, ab — 1, 


a’ — b? WU COS Leu 
PN br 
a— b p 1 A " 





f [S-a y) S-;(y) - 8,(z— y)Sy (y) Hy = si 
0 


8-1 t : 
&2 3 (e f I) Osr- (Cor = (702. 
i 0 
Whence*, when 8 is odd, 


- 


: f [S-k («— 9) S- (y) —8,(2—y) Sy(y)]dy 


0 


= 2 f [J,()6,-.(z— 9) -J,)0, 4(2— 3) 77 =J gaY) C (Ey) * J,., Y)Colz—yi]dy. 
O0 


Differentiation gives 


S Ua, 6708-40) 7 2467 908 dy 


A 0 
5 2f IAY eile y)dy aly) e IA daly) ley) +J (YW —y)]dy, 
0 


which can also be derived directly by the above process. 


F 


* df k=h, =k, =k’ =} with a=1, the integral is equal to 4 sin?z/2, which corresponds to 
Humbert's results, l - 
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Again, with k+k’ = k,+k, = 8 = an odd positive integer, 


f 18, (0-98-40) + Sxe-DS-O)]dy 
A i | 


2 at 4- b? 9 i-1 — sl porn 
D EN. DARE N.N ee site TAE ab = 1), - 
DV +) arb peria ^ A C svp) ) 


e I] ud (a—1)/8 nd ' 
F2 > (-y f Cass uÓn)dz —4 cf C, s ende e (— yen f. cuia, 
re rol 
0 gi Q 0 


Therefore, . 


s E (s—1)/2 = - a 
f 8-4, (273)8-4,() + Selya dy 24 2. (-Y7 J Cs~ar4 (2)de 4 2(7)07? f C, (z)dz. 
0 d 0 i 0 


On differentiation, : d 


| oy "n 


Ta 


- 


x (s—1)/2 eee 
f Ua. e 89) 7,67 98004) = 4X CO Cars (8) +2(- PP Cola). 
0 x j 


Similar results may be obtained by combining 8; and S.; with k-k, = a positive 
integer, even or odd according to need. 
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ON FEJER'S CALCULATION OF THE LEBESGUE CONSTANTS 


By 
Leg LonconH | T 


(Communicated by Prof. N. R. Sen—Recewád January 25, 1945) 


1. Introduction. In this rote, Fejér's calculation (1910) of the Lebesgue constants 
{Ln} is altered and made elementary. The gamma function, of which he made essential 
use, is not required in this determination and, hence can also be eliminated irom 
the calculation of the Lebesgue constants for Borel summability (Lorch, 1944)*, 
placing that too on an elementary level. The constant term appears here in a different 
guise. 

Using methods essentially different from Fsj ér’a, other authors have obtained more 
complete results. Szegó (1921). for instance, has shown in a very neat fashion that these 
constants are completely monotonic and has stated the entire asymptotic expansion. 

Lebesgue (1906, p. 86) introduced these constants, and established their divergence 
to prove the existence of a continuous function whose Fourier series diverges at a point. 


2. Preliminary resulis, Some preliminary formulas are needed for the calculation. 
Ag usual, (a) denotes the fractional part and [a] the integral part of a. 


Gf 
f | : —] sin i lat = 2(x) + cos r(z)—1 = O(1). : (2.1) 
0 
Proof : l l : 
vc 9 x[c] me xíc) 
J { 2 -\sin |} dt = f +f =f - = 2(æ) + eos n(x)—1. 
0 n 0 r[z] 0 
z y 
; f | : -lsin t || E E E E a? = O(1), (2.2) 
0 `o i 
`: Proof 
2o F8 opt . [sv] ` Iv 
J [= 78 f "uf e) + COs «()- 1idy = a + ". 
0 "o 0 0 0 [2/] 
ols] — ev) ^ [gjej-1 pmkl Hel) (e/m 
wef +a f =r 5 f exl =0+0 f 
0 0 SEM n 0 


0 
= sin n(z/2) ^ n(2/v) + n(z[n)*. 
Lemma 2.1. If f(t) is zu and N is an integer, then 


fr ^ft) | sin Nt | dt = Ju tb di 4 o(1/N). (2.8) 
Proof: " 
| | sin N£| = Sep E RT , (2.4) 


and the series converges uniformly and absolutely. 


* Hereafter referred to as (A). 


-6 L. LORCH 


Hence, integrating by parts, 


nf re [2- so wef a= i fo E " mj = 
232 


2 3 ws Gt wu T sin 9jNt dt. 


From (2.1) it follows that the first integral on the right ends The infiinite series 
convérges uniformly and hence may be evaluated termwise. The lemma thus follows 
from the Riemann-Lebesgue lemma. 

In the application, f(1) — (1/sin t)—(1/ t) and N = 2n 1. In connection therewith the 
evaluation below, due to de A is uged : 


4 4 LE 
d = 2. 
sf Au 1 1) ) at = Slog. cm) 


Remark: Lemma (2.1), viti a remainder o(1), is found in Fejér (1910) for Riemann- 
integrable f(t) but is proved there in an entirely different manner. The result can be 
generalized in various directions (cf. A, $5). P 

8. Calculation of the Lebesgue constants. Denote the nth Lebesgue constant by 

L4 and let N = 2n+1. Then p 


: v/2,. : | 
Dim sin Nt} 3, 1) 
T gin t 
and »/3,. T/9 
2 “| sin Nt | 2 f 1 1 
odis Se Besando. a m. EE 
Reus i dip : (x ; )| sim Ne | dt 
T/9, . . 
=f [sin We dt +£ log (4/n) +0(1/n) 

m T 


47/2, . 1/N 
2 [sin Nt | af | sin Nt | 4 
J ; = : t-, log (4/z) - o(1/n). 


l zN/8, . ., Le. 
b=? f Len fla? f 99 Hai log (4/2) + o(1]n). - (8.9) 
2 | 0: ^ 


Define 


TE 


Integrating twice by parts, using (2.2), and noting the existence of the infinite 


integrals, yields 
aN {2 Lg. 
| oe | sin ¢ || at — f | 2 ine 
7T 0 7i 
aN /2 


id= 3. f 
0 
*[2 
` +f s f {2 — {sin t |} at de 
0 f" 


AN /2 
p| 2-Isin ti} ar=s logN +5 seeem-2fo deitas (8.8) 


aN 
1 
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4 
^ 


=- f'{2-isineifacs fef [2m ei] aeas 
0 1 0 : 
=- f {2-Isinvilar— f [| 2- sn tatay | ž 
0 o “o i 
aN /2 aN /3 y, 
vct | f [271mm tijaraeaf [f [ 2 - sn tl] atas 
br l rj 
WA [scie n je- f f FRILIULT i 


2E ks y ! 
. N yö f of f | 2 L | sin t |} dt dy dz + 0G [n 
7T 
. i. 0 `o 


=f: | 2 L | sin 4j dt-+ O(1[n?). 
* 1 T . 


Thus - 2 (^1[2 
= adem = | 2 — [sint || t^ O(l[n?). . (8.4) 
j T : tin EE 


Substituting (8.4) in (8.8) and the result in (8.2) gives the desired formula for L,: 


L, = 5 log(2n4 1) +5 THAN ont dt — J: E = [sin t] ro. (8.5) 


This ean be re-wrilten in a form more suitable for comparison with Fejér’s by 
reealling 


log (2n +1) = log n+log 2+ = + O(1/n?). (8.6) 
. Hence - ° 


_A 8o, 2 ae afi 21 
In = Slog n+ 5 log ar 2 f eats | 2 - jam tf} at +5 2 +0(1/n), (8.7) 


4, Comparison of the constant terms. Fejér’s representation of the constant term, 
as modified by Gronwall, is 


Li 


1 
(4/1?) log (4/7) + 2 f log I(t) cos at dt. (4.1) 


0 
Equating this to the constant term in (3. 7) gives 


1 c5 
f og T0 cos stat 1 f L[3- jsinei}ar= Been ver m dt, (4.2) 
7T T 
0 } 0 


where the right side is composed oí tabulated functions. 

Watson’s (1980) constant term, (4/2?)c,, is equal to the constant term in (8.5). He 
calculated c, to be 2°441828813694835, i.e., to fifteen decimal places. Using the first 
nine places gives the value 1:270858... to the constant term of (8.7) and 


f - | : — | sin t | dt = — 16684074... ] (4.8) 


8 u L. LORCH  - MEC 


and 1 
f log T(t) cos rt dt = "68622546... —— - (4.4) 
Further, since T(t+1) = tr(¢), s 
f log I(t) cos at dt = f log T(t + 1) cos rt dt — f log t cos nt dt 
° im) log I(t) cos mt dt+ = JE 

Hence 2 : = 
J log T(t) cos nt dt = 1 ru sin’ qr... -59986... . (4.5) 
4 T 

0 0 


The right hand integral is tabulated as Bir. Thus 
Q ` 
f log I(t) cos at dt = 00814... . —, (4.6) 
, 1 ^ 
Remark: (4.4) shows that the relation (Milne-Thomson, 1088, p. 270) 


1 
án f log T(t) cos 2rnt dt = 1, n = 1, 2, ..., (4.7) 
0 


^ 


cannot be extended to n = f. 


5. Application to the Borel-Lebesgue constants. The results of A8 here (extended 
to the continuous case with the help of the bracket function) can replace the remarks of 
$4 of (A). Doing so eliminates the gamma function from the calculation of the Borel 
Lebesgue constants Ls(r). The result of (A) then becomes 


2, 2, 2 2 fismt,, 2 [1(2 i 
Ec 2S 4 bere 0ra] 2 fm: -2{ Te ; 
»(x) | loge- 0+ og 24- Jj ^i dt x] E | sm t dte 00/2 ); © 1) 


. "la 
where C is Euler's constant. 


The numerical value of the constant term is 0782002... . 
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ON THE DIFFERENTIABILITY OF MONOTONE FUNCTIONS 


Bv 
P. D. SHUKLA 


: ; (Communteated by Mr. R. C.. Bose-—~Reoeived January d1, 1945) 


1. The object of this paper* is to study a bounded, monotone and continuous function 
of x, investigate conditions for its differentiability at a point, and find the TE of the 
differential co-efficient whenever ib exists. 

. It P(z) is any monotone function of z, then itis either monotone non-decyoasing 
or monotone non-increasing. There is, therefore, no loss of generality in taking P(x) to 
be a monotone non-decreasing function of x; because similar differentiability results 

‘can be proved to be true also ior a monotone non-increasing function of æ, say Q(z), 
by considering — Q(x) instead of P(z). Also for the sake of simplicity, we study differen- 
tiability at the point æ = 0 and assume P(0) = 0; for if P(0) =k where K is a non-zero 
finite number, then instead of P(x) we can consider another function R(z)e P(x) —k, 
which is a monotone non-decreasing function of x with E(0) = 0. We shall thus confine 
our attention to the function P(x) which is any continuous and monotone non-decreasing 
function of æ with P(0) = 0. ` 

Further, P(0) being zero, we have ; 


í 
P) = im P9 | 
pie 


Consequently, the study of P'(0) is the study of Lim [P(z)/z]. But instead of studying 
£0 . 


the existence of P'(0), ib may be considered enough to study P.,(0) alonet, i.e 


Lim _LP@)/2] alone §. For 
z—0* 
(i) if P(x) is an odd function of æ, then 


P) .. Lim P) 


Lim 
ao gus Gg S k z—0* 7 z—07 T 
i.e., if Lim [P(x)/z] exists, then P'(0) also exists and 
z—0* 
- P'(0)- Lim 9 | 
- got T 
(i) if P(x) 18 an even function of z, then 
pua 55uqu PU. 
sot # s—>o7 7 


. if Lim LP) [2] eios and equals zero, then P'(0) also exists and equals zero; and 
z—»0* " 


* T take this opportunity of expressing my sincere thanks to Prof. A. N. Singh for his suggestions and 
"help. . j 

t After Titchmarsh (1999) P. (s) denotes the right hand derivative of P(x). Similarly P' (s). 

§ z —* 0* means z tending ION REOS Zero from the right. Simila:ly z —- 0~ means c tending towards zero 
from the left, 


t 2—1551P—1i 
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if Lim [P(z)/x] exists and is not equal to.zero, then P'(0) can not exist, but both the 
"U^ :z—0* ; 


derivatives P,(0) and P. (0) exist, and P1(0) = — P' (0); ' 
(iit) i£ P(z) is neither an even nor an odd function of æ, then the existence of 


-Lim [P(z)/z] means the existence of P;(0), which may really be of interest in such a 
z-—»0* 


cage. If, however, the existence of P'(0) is required, then Lim [P(z)/z] also can be 
z-—»07 
considered in the same away as Lim , [P(z)/z] ; 
NO z—50* 


(iv) if Lim | P(z)/z] does not exist, then P,(0) does not exist, and a fortiori P'(0). 
:—0* 


Consequently, instead of investigating the existence of P'(0), we shall investigate 
the existence of P,(0), and express our theorems in the same terms, 


Necessary and Sufficient Condition 


We establish in two different forms the necessary and sufficient condition for the 
differentiabihty of P(z) at z = 0. These are given below in $2 and $8. 

2. TuxóREM, If P(x) is a monotone non-decreasing und continuous function of x in 
any interval (0, a) with P(0) = 0, then the necessary and sufficient condition for the 
existence of P,(0) is that 

Lim P (as) exists, (1) 
Fp OD 
where {x,} is a sequence of positive values of x having the limit zero, provided 
Lim tt = 1. '" Q8 
1 a CO Ty " 

Necessity. That (1) is necessary for the existence of P,(0) is obvious, For, . if P;(0) . 
exists, then we must have (1) satisfied for all sequences Íz,] of positive values of z in 
which x; — 0 as r -> oo; hence a fortiori for the given sequence as well. 


Sufficiency. Suppose a sequence {z,} satisfying (2) has been found such , that 
from (1), 





Lim P9). 5, (8) 
r0 Tr 


Consider then any z — 0, There must obviously be some value of r, say n, such that 


Tn S TES Us. 


Also, because of the monotone character of P(x), we have for (z4,,, 2n); 
f P(z,) Z P(z) < P (En) l - (4), 
Tn € Tnt 
Bub . ^ 
P. P (n4 i) = P (24.1) Tni ^ E 


ma 


Tn Tni Tr 


~ 
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Hence by (2) and (8) we get 
Lim Pw) =k, 


2 ] n-—»o0 Dy, - 
Similarly ee Phan) _ " 
98 -—»200 Uns t 
Hence by (4), 
: s Lim P(e) ern. 
z—0* T . : 


i.e., P! (0) exists and equals k. 
2.1. Co?ellary. It is easily seen that if the above sufficient condition is satisfied 
then . PE ; 


P’ (0) = Lim ES 
r—w0 Cy 
8. THEOREM. If P(x) is a monotone non decreasing and continuous function of x in 
any interval (0, a) with P(0) = 0, then the necessary and sufficient condition for the 
existence of P,(0) is that 


|. Lim P(ar) exists, (5) 
, r—»00 
where (z,] is a sequence of positive values of x having tho limit aero, provided 
Lim $531; (6) 
cs fy 2, 


and Q(x) is any differentiable function of x with Q(0) = 0 and Q’,(0) # 0. 
From the existence of Q; (0) it tollows that 


Lim L) Q(z) 
r—o Vr 
must exist. Suppose, therefore, : 
' i Lim Qr) zz k, (7) 
r—. Tr ' = 


where k 0, and {z,} is any sequence of positive values of z, in which z, — 0 ag 7 — oo. 
Now, | | 
fus PU quai P) = Lim Pe _ (8) 
f Q (xy) r=} OD Q(z) Cy k r =o Tr ' 
because from (7), k + 0. 
Hence if P’,(0) exista, so that pun [P(z,)/z,] existe, then un [P(z,)/Q(z.)] must 








exist. Also if ae [P(z,)/Q(z,)] MC then Lim [P (x,) /x,| ees alee which by (6) of 
Fem OD) 
the hypothesis Hi $2 guarantees the existence of P,(0). Hence the proposition. 
9.1. Corollary. From (8) it is easily seen that if the conditions of $8 are satisfied so 
that P,(0) must exist, then i 


, s BU) 
PF à 
,() = Q,(0). L Min E @ (ar) 
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9.2. It should be noted that the conditions given in $2 and $8 are nob independent ; 


- but that the condition in 88 is a consequence of that in $2. 


Sufficient Conditions 


T 


We establish now three sufficient conditions for the differentiability of P(z) at z = 0. 
We postpone for a future investigation the question whether these conditions are also 
necessary, and whether there exist other necessary conditions for the differentiability of 
P(x) af z = 0.* l 

4. TmmonEM. If P(x) is a monotone non-decreasing and continuous non of x in 
any interval (0, x) with P(0) = 0, then P,(0) exists provided 


im Ped P...) 
r—>t0 Tr — Prti 


& 


- 


exists, where {x,} is a sequence of positive values of « having tha limit zero such that 


" £ 
lan rs, 
r> W Tr 


P(z,) — P(z,,) 
Ly — Dy yy 


where k is some definite number, and 7, — 0 with 1/r. Hence 


P(2y) — P43) = (kt nr) (Ep Ert). 


Let 
=k Tn 


Similarly 
P(2y.m) 7 P(* m1) = (k + trem) (Trim Creine i: 
for m= 1, 2, 8,..... Therefore, 


s P(z,) — P(0) Fa ke, + E he n(Er em 7 Creme): 


But ib is obvious that " : $ 


— 2 — 
0 <3, Nr ema m 7 Cremer) «net 


-. 


where nr is the greatest value of |n), nær. Hence 


Lim Py) zh, (9) 
r—- fr 


because by hypothesis 7,-> 0 as r— oo. 
But (8), by $2, ensures the existence of P’(0). Hence the proposition. 


.4.1. Corollary Itis seen from (9) and $2.1 that when the conditions of $4 are 
satisfied, thon 


P? (0) = Lim £&9— P2) i 
T —> 0 Tp i T 41 u 
* jit may be femarked here that. the question whether the differentiability ab 2 == 0 of P(z) as a step 


function depends upon the existence of the metric density at æ = O of the set of values of œ corresponding to the 
lines of invariability of P(z) has already been answered by me (Shukla, 1048). 
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5. 'InEonEM. If P(a) is a monotone non-deoreasing and continuous function of x in 
any interval (0, «) with P(0) = 0, then P'(0) exists and equals sero, provided 


Lim P9 7 Pt.) o. * 
r—»0 Dy. Eral 
whore {x,} is a sequence of positive values of x having the limit sero, such that 


Lim “tt! = 0. 
r -> w0 Ty 


Let us consider any 2 7» 0. There must then be a value of r, say n, such that 
Quai mS T XS Ua. 
Also, because of the monotone character of P(x), we have, for any @ lying in (za,,, 24), 
0« P(z) < P(zs) (10) 
T nti 
But by hypothesis, 
P(a4) — P (n41) Em 
T €—— Nn 
V» — C541 


where 7, 088 n — œ. Hence 


- P(z4) — P(24,1) = fln (£n — 2n, 1). £z 
Similarly 
P(£&4m) ~ P (Enim) = 7m Enim 7 Cn m1); 
for m: 1, 2, 8, ... . Therefore, 
^ ob 
P(z,) - P(0) = A hnim Enem Enim). 
But 


ab m 
: ` 0< 3 . cn an Un cm — Vn an 1) < nTn» 
m= 


where tn 18 the greatest* value of ny, 7 => n». Hence 


Pru)... (oy 
0« — <p. if 
= Entr m Cn ug 


i.e. Lim £6) = 0, 
s n—«o Tnt 


because by hypothesis Lim [z,/2,,,] 18 finite, and nn — 0 as n — co. Therefore, from 
a—0 E 


in 


(10), Lim [P(z)/x] exists and is equal to zero. That is, P, (0) exists and equals zero. 
£0 P f 


^w 


* Jt may be noted that 7. zx 0 for all values of n from and after some fixed one; because 
l P(e.) > Pleas), 
and Da > Date 
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6. TnmxonEM. If P(x) is a monotcne non-decreasing and continuous function of x in 
any interval (0, x) with P(0) = 0, then P.(0) exists and equals sero, provided 


| : Lim P(z») — P(z,,.) =_0, (12) 
2 ro . ry 


where {ax,} is any sequence of positive values of x having the limit gero, such that - 


Lim ^t = 0; (18) 
r—»0 


and uico nad 
P(z,) — P(E) 
ù Bpm Erp 
which due to (12) and (18) has necessarily to tend towards gero for r — oo, does s0 mono- 
tonically. 


pom im Plt) Pres) L 0 
ema Erri 
it follows that Lim P(a,) — Play, ) ees 


r-—»€9 SEM Teu 


because by hypothesis (2,—2,,) P” £r. 

Now, from (10Y and (11) of $5, it can be easily proved that here also for 2, S T «ts, 
^ we have : 
P(z,) — P(z,,) x 


T Enyi Tn — nsi . Oni 





because due to the monotone character of na, the nm of (11) can be replaced here by 
a P(zs) — P(t, 1) ! 


Tn Enti 
But Lim | en P(n) y x m | zs due Pan) - P(z,,) bs 
apo Law yay Dy yy 8— atil — (Ensin) 


because by hypothesis, 


Lim 282 = 0 = Lim Pe) P(n), 
nao Tn A —> 0 Vni 
"Therefore, € P(z) 
z—o* T 
exists and is equal to zero. That is, P,(0) exists and equals zero. 
Hence the proposition. 
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. ON THE EQUATION 2-3 = 2* 43! 
By 
S. B, Pronat 


(Received February 19, 1916) 


$1. Aaron Herschefeld has proved that the equation 
BY = C 
has got at most one solution when C is large. But itis knowa that, when 2” > 39, 
lim (2*—3*) = oo, 
yo 


These two results together mean that the equation 


2X om BY = 2° — By (1) 
has got only a finite number of solutions, 

The proof of this result is based on Siegel's theorem on rational approximation to 
algebraic irrationals. The very nature of the proof of Siegel’s theorem is against giving 
any idea about the number of solutions for the corresponding inequality, except that ib is 
finite.* As such, we do not get any idea about the number of solutions of (1). It is 
highly probable that the only solutions of (1) are: — 

—1252-3.—2'-9!,, 
= 23 mB -25—98?, 
and 18 = 2*-—8 = 2*—9*. 
i : | | 
I wonder whether the theory of Pell's equation will not enable one to prove this conjec- 
ture. 
The object of this paper is to find all the solutions of 


22 — BV = BY —QX, (2) 
Q?— BY - OX 4 BY (8) 
and BV — 92 = IX BY (4) 


These three equations are completely solved by elementary methods. For our proof, 
some of the solutions of 


or —3Y = C (5) 


are required. . From this to consider all cases when |C |< 101 is not a lengthy process. 
I give the proof of this also. But this was proved by Herschefeld also. Simce my pre- 
sent proof of this result is different from my original proof which I got in 1925, it is mot 
unlikely that my proofs are different from that of Herschefeld. 


* If it is possible to give an independent (not relative) upper bounds for the highest solution for the 
inequality in Siegel's theorem, we can draw many interesting conclcaions. 
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I take this opportunity to put in print a conjecture which I gave during the con- 


ference of the Indian Mathematical Society held at Aligarh. 
Arrange all the powers of integers like squares, cubes etc, in increasing dos as 


follows: 
1, 4, 8, 9, 16, 25, 27, 32, 36, 49, 64, 81, 100, 121, 125, 128, ... . P 


Let a, be the nth member of this series so that a, = 1, a,=4, a, —8, a, — 9, ete, 
Then í 
: Conjecture :— lim(dn— an-ı) = co. 
$2. Lemma (1): If 8^|(22—1)  ihon 2.8"7'|z 
if 8"|/2?.-1), then 8"^7'[z and <s is odd; 
if 2^|(8/—1) then 2"*|y; 
and 8%+1 is a multiple of 4 but not of 8 when y is odd, and 9/--1 is a multiple of 2 but 
not of 4 when y is even. It 1s easy to verify all these. 
Lemma (2): With respect to the modulus 24, when 7 >> 1, 
Bar-1 zm S, Bir = 9, Qrtl — 8 and 9*3 = 18. 
Lemma (8): Ti 27—8? — a, 2248, yz1 and 0<4<100, then the possible 
values for a are 5, 7, 18, 28, 20, 81, 87, 47, 58, 55, 01, 71, 77, 79, 85, 98. 


Lemma (4): If 8-2? =a, 2>8, yzi1 and 0<a< 100, then the possible l 
values fora are 1, 11, 17, 19, 25, B5, 41, 48, 49, 59, 65, 67, 73, 88, 89, 91, 97. 7 


Lemma (2) is obvious. Lemmas (8) and (4) follow from lemma (3). 
. Lemma (5): When z2 n, y 2 m, if either n 2 8 or m z- 8, then 
22 — BY $ 9^— 2", 
If impossible, let 2*—3* = 8?—92*, then ` j 
2m — (Qe +1) = BH(8y-n + 1), 
Therefore, from lemma (1), | E 
m < 9. (8) 


Let n>3. Then 9{(z—m) so that 19|(27-7--1). So 19](3/".41). Therefore 
9|(y—-n). Consequently 7|(8%"+1). So 7](27"+1). But 7 does not divide 29-1 
for any a, Bo 
^ n «2. (7) 
From (6), (7), the lemma íollows. , 
Lemma (6): When rn, ym, ieither n 23 or m>3, then 


27 — BY 35 2" +. 8". 
If 27—8Y = 2".-8^?, then 
2n(297m — 1) = 8"(877^ H1). 
From lemma (1), 
m x2. (8) 


t 


EQUATION 2? — 3 =27 + 3” 27 


Let »2-8. Then 18|(rz—m), so that 19 T 78 divide 2"7^—1 and consequently 
an+] also, Bub 19{8¥"+1 when y—n is odd. Since 3*41-— 730, i d 
when y~n is even. These two are contradictory. Hence 


n< 2. P (9) 
From (8), (9), the lemma follows, 
Lemma (7): If (a) n 2«8, or (b) m x 5, then 


BY — 27 x gm. gn, 
provided z 7 n, y 2» m, 
If -2 = 9" LB*, then 
gm(ge—m 4 1) — gn(gy7^ — 1) 
Proceeding as in lemma (5), l 
n «2. l (10) 
Let m5. Then 8| (y—n), sothat 41/(8'7—1) and eonsequenty 2777-1 
also. Hence 10|(z-). Therefore 25|(27-^--1) and 25] (8%*—-1). So 920| (yn) 
so that 11 divides 8"7—1 and consequently a0. Then z—m is odd. This 
is a contradiction. So 
m x d. (11) 
From (10), (11), the lemma follows. 
Lemma (8): When zt and y 8, 29—8"4:2'—8*. 
If 27-8” = 9! —8*. then 
gt(gz-t —1) = B (8r 3 — 1). 


Then 18|[(z—1), so that 19 divides 2*7 —1 and consequently 9/7?—1 also. So 
I8|(y—8). But *"57|(B*—1) so that 757 divides 8*7—1 and consequently 92*-!—1. 
But 2757-1 ig nota multiple of 757. Hence z-t isa multiple of 27. Therefore, 
" since z—í is even, 81|(2*-—1), which is impossible. Hence the lemma. 
Lemma (9): When er, y>s ond 6<7r<9, 9*—9YJ459'—9*, 
H 2*—8* = 2°-8% then 
9r(g2-7 — 1) = BB! — 1). 
Since r>6, 10|(y—s). But 198 |(8195—1) so that 198 is a divisor of 8*7*—1 and 
so of 277-1. Hence s-r isa multiple of 90. But 257 is a divisor of 2?*5—1, 80 of 
27*—] andsoof 8’"*-1. Since Bisa primifive root of 257, 256 | (y—8). So 2" is a 
factor of 8-1-1. Since r9, this is impossible. Hence the lemma. 
Lemma (10): If yo 4, then 3—2 1, | 
If possible, leb 8%-2%= 1, Since y2I-4, #22. Then y is even so that y = 2r. 
Then 
2° = B71 = (8"—1)(8" +1). 
Both 8'—1 and 8°+1 cannot be multiples of 4. So when ræ2, either 8'—1 or 
9'*l is divisible by an odd prime, which should-not be. So we get the lomma, 
Lemma (11): When’ a>r, P-Y 468m, where m dO. 
3—1551P—3 
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If 27—8* = 27+68m, then 
2r(297* — 1) = 8*(B* ? 47m), 
so O6l(z—-r). Hence 7|(2**—1) andso 7|(8"?+7m), which is impossible, Hence 
the lemma. 
Lemma (12). When «22, the only solutions of 8/—2* — 8? are 8%~2° = ]? 
and 84—2° = 7, l 
Let 8¥-2*= 27, Then s is odd and so y — 2r. Therefore 


Qs = Bs? = (97— 2)(8" +2), 


so that 2 = 8'—s and 9*7 = 8'+2. Adding and dividing by 2, 2977--1 = 8", But by 
(11), the only solutions of 2%+1= 38" are 2+1=8 and 2°+1= 87. Hence the 
lemma, | 

i think that 8/—2 = g? has only one solution. 

Lemma (13): 2—87 = 58. 

Let 27—87 = 58; 5048253, So 2*—5028(8"7-1). So y-1 is even. 
When y-1=4m+2, B"'--1 isa multiple of 5. Hence y—1 = 4m. 

Again 2°+21 = 68. So 


bm 


25(27-5 —1) = 8(B9-1 + 7). 
8/747 is a multiple of 2° only when y—1 — 8m--6. Hence the lemma follows. 
Lemma (14): 27—8Y = 7 has only one solution. 
If 27—8* = 7, from lemma (1), z = 2r, y = 2s. Bo 
7 = 927 —8^ = (2r—85(274-91. 
Hence 1 = 2'—8* and 2'0-8*2 7. Bo r=2, 8=1. The lemma is proved. 


$8. Table A gives all the solutions of a = 27—8¥ when 1<a<100. Table B 
gives all the solutions of a = 84-2" when 1< 4a s< 100. , The numbers within brackets 
give the lemmas by which we geb that further solutions are impossible. 


TABLE A for 2?—8" 


1 = 2-8° = 2?-8 5 = 25-33 = 23-8 (Bj 

7 = 24-8? (14) 18 = 28—85 = 9*—8 (9) 
28 = 8—2 = 25-8? (5) 29 = 8342 = 2—8 (6) 
8] = 854-9? = 925-9? (6) 87 = 26-8? (9) 
47 = 9-8* (8) 53 = no. (18) 
55 = 2°—8? (9) 6l = 2°-3 - (9) 
71 = 94-08 (11) 77 = pt-9* (5) 
79 = B*—2 (5) 85 = 8*42*. (6) 


. 95 = 25 +603 (11) 


EQUATION 27 = 8"— 9% 4.3" 19 


TABLE B for 8/—9* : 

128-2-29-9 (10) 5 = 87-9? 

7= 8*—À f 11 = 85—24 (8) 
17 = 8*—2* (9) 19 = 81-2 - (8 
28 = 9!—2? 25 = 8'—2 (8) 
85 = B°+2° (7) 41 = 2°+8? (7) 
48 = 91494. (7) 49 = 8495 (12) 
59 = 25483 — (7) 65 = 2°+8° = 8*—2* {7) 
67 = 2°48 (7) 78 = 9*4.8* = g*—9? (7) 
77 = 8*—9? 79 = 81—2 
83 = 84+2 (7) 89 = 8*4 2? (7) 
91 = 9254.9? (7) 97 —8*4-9* (7) 


N.B. In the above table, the expression of a in the form 2"+38% shows the cor- 
responding lemma is applicable. f 


Theorem I: When 1<a<100, tables A and B give all the solutions of 
a = 27—9Y* and a = 8Y—2*. 


The theorem follows from the tabies and lemmas (8) and (4). 


$4. Theorem II: 1, 5, 7,.28 are the only positive numbers which can be simultane- 
ously expressed by the forms 2*—8* and 8*—2X; and their solutions are:— 
1 = 8-2 = 8?—2° 22-8; 5 = 37-2? = 2°-8 = 2-9. 
7 = 87-2 = 2t—8?; 28 = 2°—§8? = 8°— 3, 
From lemma (5), if >n, y>m and 27—8* = 8^—2", then n<2 and m< 2, 
So the possible values for a are 8—2 = 1, 8* -2 = 7, and 8*—2* = 5, when æ and y are 
restricted as above. Hence from theorem I, we get i 
1 = 8-2 = 8-2 = 27-8; 5—-38'—9*—2*—8—2'—8' and 7—8*3—2 = tpa, 
But from 8?—2? = 2*—8? we get the additional number 28 = 25—8* = 83-27. Other 


interchanges do not give any new number. Hence the theorem. 


Theorem III: 5, 7, 18, 20 247 are the only numbers which can be expressed in both 
the forms 27—8* and 2*+8Y; and the solutions are: 
p 5524+85 2—8 = 2-8; 7 = 27+8 = 24-87; 29 = 2 +8? = 25-8; 
13 = 23748? = 94—8 = 95—85; 247 = 27+8° = 23—9*. 
From lemma (6), if 2 2» n, y > m and 92.89 = 8^-- 9", then n < 2 and in <2. So 
if a = 2%—8Y = 2"43" with z>m, y>n, then the possible values for a are 


2488, 9348 — 7, 2487311 and 2+8? = 18. 


f 
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Hence from theorem I, we get the solutions ior 5, 7, 11 and 18. By interchanging 
the members of above solutions, we get 29 and 247. 


` Theorem IV: The numbers which can be represented both by 8/—2* and 2X --8! are 
5, 7, 11, 17, 19, 25, 65 and 78. Their representations are :— 


5 = 2+8 = 87-2*; 7«8!'—-2—2'-8; 19 = 39-2? = 2*8; 
17 = 84—28 = 2348? = 9443°, 112 8*—2*— 248 = 248?; 
25 = 8!—2—2*4-8*; 65 = 84—24 = 2°4+8°; 78 = 84-2? = 2? 8?, 
From.lemma (7), if >m, y 7 n and 38/—2* = 2"48", then » «; 2 and m<4. 
Hence if a = 8*—27? = 2748" with y 2 n, z 2 m, then the possible values of a are :— 
2+8 = b, 2+37 = 11. 2*48—7, 2!48*:-18, 2°+8 = 11, 
23.-8? = 17, 2443 — 19, 24+87 = 25, 
From theorem I, we get the solutions for the above values of a. 65 and 73 are got 


from the above solutions by transfering the members to opposite sides, 
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ON THE INEQUALITY SATISFIED BY THE DERIVATIVE 
OF ORDER n OF A FUNCTION 


ar 


By 
H. Smocan 


(Received October 24, 1944) 


The following commends itself on a perusal of a paper by J. Soula (1982) with a simi- 
lar title, The inequality depends upon the orthogonal system chosen. 


1. Let f(x) be a function admitting continuous derivatives upto the order n in the 
closed interval (a, b), a < b, which may be finite or infinite with a = 0 and b = oo, and 
lim f(x) = f(e9). 


Let ($4,(z)) be a normalised orthogonal system of functions in (a, b) sothat _ 
b ., 
f Pin(Z) $n(Z) dz = 0, mM Æ n > m, n= 1, 2, suey 
a 
and : b | 
f és (ede n= l2 Geer 
a 


Let us suppose that $,(z) can be expressed in the form 


= Wa) 2 | 
$«(&) = (x) di Fy(a), (A) 
where F(z) and (x) satisfy the following conditions ; 


_ (i) F,0(z) 0, p=0,1,2,.., n-1, Fy(x) denoting the p^ derivative of 
F, (2), i 
(ii) F(x) does nob change sign in (a, b), 
(iit) fx) /¥(x) is continuous in (a, b). 


Let us consider the nega On) of constants defined by 


1 = f P.(s)f*) ds; 


when (0, co) 18 the interval, the integral is assumed to be convergent. 
By integration by parte and by the property (i) 
b 
d^ z ' 
» (=) f fe s «eds = CO E: j&eMe- tro, (B) 


P3 Cy = fe) (2) $n(z) da. 
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It is well-known that 
k b (3 
ore (PO) 
in =| a) 


(k is an arbitrary positive integer), when (a, b) is a finite interval; but even if (0, co) be 
the interval, the law can be established by an exactly similar reasoning. 


In particular b ig 
j 3 P(e) T 
l C, <j ois de (1,2, .... 
Therefore from (B) 
i b 2 c 
; w= CS x ma da. (C) 


But the continuity of f(x) in (a, L) and the property (ii) of F,(z) give 
b b 
Yn = J Fale) (x) de = f (£) f F(a) dz, (D) 


€ lying between a and b; the result is true when (a, b) denotes a finite interval or the 
infinite interval (0, co), the integral being assumed convergent. 


Hence from (C) and (D) 


b 
9x61 | f meas 
Therefore, if 8, denote the lower bound of | {/™(z) | in (a, b), since 


J ET ERN ! 


mo «wis 


2. We can form a similar estimate for any other finite interval (z,,:2,;- 2c), c > O, 
from a knowledge of (I) for a finite interval, by a linear transformation of the form 
2 
b—a 


Since d^ 
dz = Ada and aan = An 











(I) 








f uo) de 


2ac 
b—a 





z= Aa+B, A= B = m- 


we have 
Xn = lower bound ot | p™® (x) | in (x, £o +20) 


+ Bo "n b 
saa PE ae] |f rei 


where $(2)/V(2) = f(x) /p(z). 
The substitution «= Az+z,, A>O, but arbitrary, transforms the z-interval (0, oo) to 
the z-interval (£o, z,+2c) and the formula (I1) holds for the interval (£z, z,--2c) with 


C = oo, 











e (Am RE), (1) 


b—a 
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8. We consider some applications with well-known normalised orthogonal systems. 


(2) With (æ) m E 1/2 T(z) 
LUE $n (i- zi 
where Talx) = the n^ Tschebyscheffian polynomial 
X (=) 9.1! A 1/2 d?" L.opimn—k 
BT (1—2*) 3m d zn nml. 
for which 
(- 1254 . 
læ) = CENE LIT T IA md ML OR Ser 
p(x) (=x), Fx) (gn) Ia (1 g!)n , 


and 


b gi 
It Uy niae \n—4 (ra =— | 
J G)ds = CDI f (=a Ade =! Tins), (0-1 be, 


Qu) "Ir Pope a 
nS espere NL, a 


+20 ag 
l A FID ch EE f fe io) de sa | 


(ii) With e4(x) = /[(2n-1)/2]P,(z), where P,(x) is the n^ Legendre’s polyno- 


mial, for whieh : 
$(z)z1, F,(z) = q(t Lt (x? —1)^, 


and a=-—1, 6 =1, 


= mH Ll I x _ [ zx 
[Fat j Nl 221g. Vrae Vi vou 


we obtain J. . Soula’s results. 
(i) With 





. ec", 
n(x) = el, . 
where , d^ 
L(x} = the n^ Laguerre polynomial = e? T (2e), 
for which 


pla) = et, Fala) — ahe, 
7 


and 4-0, b= co and 


b a 

f F,(z)dx = the convergent integral = z^e^? dg = 1, 
n 

a , : 0 


B. | f e f'(z)da |. 
0 - 
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ON THE APPLICATION OF THE CONGRUENCE PROPERTY 
OF RAMANUJAN'S FUNCTION TO CERTAIN 
. QUATERNARY FORM 


By . 
i D. P. BANERJEE 


(Communicated by the Secretary —Received March 80, 1945) 


Ramanujan (1927), Gupta (1948), myself (1942) proved certain congruence properties 
of Ramanujan’s function T(n). Here I have considered new and interesting applications 
of the congruence properties to the possibility of solutions of certain quaternary equations. 
In Sec. I, I shall prove certain new congruence properties and in Sec. II, apply some 
congruence properties to some quarternary forms. 


SEO. I 


Since (Ramanujan, 1927) 
T(5) =O (mod 5) 


T(pd) = 1(p)T(prA-1)—p"T(pr—2), A22, 


where p is prime number and the Ramanujan’s function T(n) is defined by the equation 


and 


5 T(n)z" = z {(1—a)(1—a") ... J 


Then 
T(5^) =O (mod 5”). (1) 
We know (Gupta, 1948) 
l T(4m+8} =0 (mod 4), 
then 
T(4m+8)n = O (mod 4), (2) 


if (4m+8, n) = 1 and 8n is not of the form 4m +8. 


Also (Gupta, 1948, p. 21) 
T(8m +7) = 0 (mod 8), 
then ~- > ? 
T(Bm * 7)n =O (mod 8), (8) 
it (Bm +7, n) = 1 and 7n 1s not of the form 8m +7. 


Since 
(1—2)! = 1-234117, 


where J is any integral power series 1n g, 
> Tinje” [1 4: $ (— 1) (gn(8n—1)2 T gin (01/2 | [1 + S(— 1)f(zri8r—- 0/2 oe ot (Br+1)/2) | +11, 
1 : 1 1 


Equating the coefficients of z?, z!*, 2**, we have 


T(8) 20 (modii) T(19)z 0 (modil) and 7(20) £0 (mod 11). 


- 
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Hence 


T(19m) = 0 (mod 11), where (19, m) — 1 
T(20m) 2 0 (mod 11), where (29, m) = 1. 


T(8m) z 0 (mod 11), where (8, m) =1 | 
(4) 


Szo. II 


Here I shal! consider the following quaternary equations, 


(A) 4n = aP +a t a,! ta, where n, @,, Ag 05, G4 are positive odd integers, 
8 i 

(B) 8n = 3 a,*, where n, a,'s are positive odd integers, 
1 


(C) 2n = a, +a, where G, a,, n are positive odd integers, 
(D) 4n = aP +a,’ +a +a, - du?, where n, a,, G3, Gs, a4, u are positive odd integers. 
Let i, (n), ual) ps(n) and u(n) denote the total number of solutions of the equations 


A, B, C, D respectively. To avoid ambiguity '' solution ’’ will be used where the order 
ai, 03, d4... are relevant and representation when it 18 not so. 


Now 
S Minat = e((1 2*)(1—215)... P-9J e X a9 D Lar, 
I 1 
Hence " 
Tin) = odd, ifn = (2n+1)?. - l (5) 
Again 


$ Tn)a® = z[(1—23)(1—29)... ] ^97 = 2[ SoM! Dyas = S platt, 
1 0 1 


“e 


Hence NAM 
p(n) = T(n) (mod 2), 
or 
u(n) = odd, ifn = (24+1)*, 
= Qoreven, ifn Æ (Qu+1)%, ` (6) 
Since 


Z g ESET 2 

X T(n)z* = n[X (—1)" (24+ 1)" ]$42J = X (nje? +27. 

1 1 ; 1 . 
Henee as before 
pa (n) = odd, ifn = (2u + 1}, 
= Qoreven, ifn (2u4- 1). (7) 
We know (Gupta, 1948, p. 19) s 


3 T(n)a" = 3 pfn)a"+ 47, 
1 1 


p(n) = T(n) (mod 4). 
Hence 
u(n) = odd, ifn = (24+1)?, 


= 0 or even, ifn (Qu4+1), . (8) 
4—1551P—1 
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To complete the discussion we consider the equation (D) 
—0 i 24... 
pa (n) = 0, it n (n- 2” )=0, 


1.6., if d 
n— ze = 7 (mod 8). 


Since 4,(8m+7)=0. Ifd=0 (mod 8), 


. ua (n) = p, (Bm 47) = 0. (9) 
Ifd=4d,,then | 
, n— du? = Bm +7, 
if 
n = d,(Qu+1)?+7. 
Hence 
pal T 3 d, (2j -- 1)*] = 0.. (10) 
A. M. COLLEGE, MYMENSINGH, 
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CORRECTION TO MY PAPER “ BERTRAND'S POSTULATE "'* 


Bx 
S. B, PILLAI 
(Received February 19, 1945) 


I am sorry that there is a confusion of notation and thank Mr. R. C. Bose for draw- 
ing my attention to it. The confusion may be avoided as follows :— p © 


In hne 12 page 97, omit t, replace m! by n. At the end of next line, insert 
t = M(n) In the line beginning with (iv), on page 98, replace M(n) by M(N). 


me preferred, lemma (8) may be omitted and lemma (4) may be proved as follows :— 
Since 
M(nl) = X[u/p'], 
log N — a log p 12([2n/p*] -2[n/p*)] = 8,8, 8,48, 
p A 


where the summations in 8,, 8,, Sa, S, are for primes in (1), (ii), (iii), (iv) respectively. 
| [2»/a] -2[n[a] <1, 
So , S, = 6(2n) - 0(n) ; 
when uos 2, 

S, = 6(2n/8)—0(y Bn) < 6(2n/8)—m( v Tn) Jog 2; 
7 " E a ues T = ae alec 
InS,, iz n[p-«8/2 and 2< 2n/p <8, so that 

[n/p] =1, [2n/p] = 2. 

Hence 8,2: 0. From the above results for S,, Sa, 8,, Ba the lemma is immediate. — 


* Pillai, 8. B., (1944), Bul’, Cal, Math, Soc,, 86, 97. 
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CALCUTTA MATHEMATICAL SOCIETY - 


Report of the Council for the year 1944 to the Annual General 
Meeting of the Calcutta Mathematical Society 


The Council of the Caleutta Mathematical Society have the pleasure to submit the 
following report on the general concerns of the Society for the year 1944, as required by 
the provisions of Rule 25. o 

The Council.—The Council of the Society for the year 1044 consisting of the Oficers*-: 
and Members elected at the last Annual General Meeting together with the Editorial ` 
Secretary, was constituted as follows :— E 


im 


Proaident 
Prof. N. R. Sen 


Vice-Presidents 


Prof. C. V. Hanumanta Rao, Prof. D. N. Sen, Mr. BS. Gupta, 
$ Prof. F. W. Levi, Dr. C. N. Brinivasiengar. 


Treaaurer 


Mr. B. C, Ghosh 


Secretary 


Dr. S. K.-Chakrabarty 


Editorial Secretary ~ 


Dr. 5. Ghosh (upto March, 1944),- 
Mr, S. Gupta (from April, 1044). . 


Members of the Council 


Prof. M, R. Biddiqi, Dr. H. Bagchi, Mr. R. C. Boso, Mr. A. C. Choudhury, - 
Mr. B. M. Sen, Prof. M. N. Saha, Dr. 8. S. Pillai, Dr. S. R. Sen Gupta, 
Prof. V. V. Narlikar, Dr. R. N. Sen, Mr. N. N. Ghosh. 


The Council of the Society held 6 meetings during the year. Ata meeting held on the 
16th March, 1944, the Council at the request of the University decided to take the charge 
of publishing the Bulletin which was being done by the Calcutta University. At the 
request of the Council Dr. R. N. Sen took the publishers declaration on behalf of the 
Calcutta Mathemetical Society. The Council also decided to award the Krishnakumari 
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~ tt 


Ganesh Prasad Prize and Medal for 1946 to the author of the best theses on ‘‘The Deve- 
lopment of the Concept of Number in Hindu Mathematies before 1600 A.D.” and an 
announcement has already been made to that effect. > 


There were altogether 6 meetings of the Society in which 24 papers were read- 


Membership.—The Council record with regret the death of the folowing 2 members 
of the Society during the year under review : 


Mr. Mohitmohan Ghosh and Mr. R. V. Shastry 


During the year under review 8 new members were elected. 


Publication :—Five numbers of the Bulletin of the Calcutta Mathematical Society. 
were published during the year (vie. Nos. 8 and 4 of Vol. 85 and Nos. 1, 2 and 8 of Vol. 36) 
so that at the close of the year the Bulletin was in arrear by one number only, and it is 
a pleasure to announce that this last number is also practically ready and we hope to ' 
publish it within the next fortnight. In that case for the first time within the last few 
years we- shall have a good margin of time before the next number will be officially due. 
Such a state of affair could not be a possibility, particularly in these difficult times due to 
the conditions of war, except for the efficient handling of the situation by the Editorial 
Secretary Mr. 8. Gupta. The Council take this opportunity to convey its grateful thanks 
io Mr. Gupta for his very valuable services to the Society. 


In a circular letter on the subject of economy of paper the Government of India 
suggested to curtail the publications óf the Society to a very great extent. The Council 
considered the situation carefully and decided to take steps in order to diminish the 
number of pages to be published in a year in the Bulletin, as far as possible without 
seriously disturbing the cause of the Society. At the request of the Council of the 
Society the Government of India have allowed a liberal concession to the Society in this 
matter, and for this act of kindness the Society is very much indebted to it. 


The Rockfeller Foundation Grant has very kindly alloted to the Society a grant of 
Rs. 250 for the year 1944, for the improvement of the Bulletin of the Society. The 
Council has gladly accepted this grant and have already taken steps for the improvement 
of the Bulletin. 'Fhe.future issues of the Bulletin will show to what extent the desired 
improvement has beén made possible. The Council takes this opportunity to ene) its 
thanks to the Rockfeller Foundation for this award. 


The Calcutta University Press which is printing the Bulletin free of charge since its 
first publication have continued to grant the same privileges even at this difficult times. 
Without the very sympathetic and active co-operation of the University Press the regular 
publication of Bulletin would certainly be not a possibility. The Council takes this 
opportunity to convey its thanks to the officers and members of the staff concerned for 
this act of co-operation. - 


Exchanges:—Durmg the year under review the Society entered into one new | 
exchange relation so that the total number of Societies, Libraries, etc. to whom the_ 
Society sends its Bulletin for favour ol exchange stood at 118 at the close of the year. 
Due to war-time difficulties it has not been possible io send Bulletins to several institu- 
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tions and to receive thoir's in exchange.  I& has, however, been arranged to revive the 
exchange relationship as soon as the external circumstances permit. 


Finance :—The financial position of the Society can be seen from the audited state- 
ment of account of the Society for the year under review as will presently be submitted 
by the auditors. The surplus in the general fund amounting to Rs. 461-12-0 revealed by 
the auditors’ report is only apparent. A sum of Rs. 250 received from the Rockfeller 
Foundation Grant and also a sum of Rs 100 which is to be paid to Messrs. G. E. Stechert 
& Co. „towards our subscription for the Mathematical Reviews aud Physical Reviews 
for 1944 are to be set apart from it. The actual expense in the item of Books and 
Journals is Rs. 125-8-0, which includes the cost of journals subscribed by the Society. 
This has not been included in the audit report as it has not actually been paid due tó 
obvious difficulties. 


al 
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ON A NEW REDUCTION THEOREM OF MATRICES 


" By 
N. N. GHOSH 
(Received May 22, 1945) 


Let M denote the m xn matrix 





"VH z 
M = 2 Ups &pq (1) 
pg=l 
with real or complex elements, where the e's are matrix units. Associated with the above 
there are n fundamental column-matrices 3 
(My = Xs epo (= 1,2,..., n), > (2) 
and m fundamental row-matrices 
(o X pabo 712. m. (8) 
q= 


The object of the present paper is to develop-the general method of expressing M, 
in an infinite variety of ways, as the sum of a number of products of the type O*R,, where 
the matrices ‘C* and Ej belong respectively to the systems linearly dependent on (2) and 
(8. This method of resolution proceeds by successive steps in accordance with the choice 
of an arbitrary sequence of matrices auziliary to M. A class-of identities involving the 
product of a determinant_and any one of its minors expressed as an aggregate of products 
of pairs of minors is intimately associated with the process. Typical instances of such 
identities supplemented by a proof* are given by Muir (1980). 

With this reduction theorem, moreover, the problem of factorization of M 1s linked 
up. For, let r be the rank of M, we then obtain the reduction formule actually in the 
form : l 

M = EJ C*R,, ` | (4) 
where 


"i 


CH= X ph epi Ha -— È pig. 
pol q=1 
Hence the (p, q)th element of M in (4) can be expressed as 


3 SUP Pha 


~~ 

~ me 
"a 

os 


which is identical with the (p, dh element in the product M = TP, where 


C= 2X3 yph68pn P= 3% Pha na. 
phl h,q1 


The reduction of a matrix in the form (4) has also some physical significance 
attached to it. I have already utilized ıt in the analysis of stress and strain in an 
Euclidean hyperspace, where- the general stress and strain matrices are real symmetric 
square matrices (Ghosh, 1942) and also in the resolution of generalized couples and 
infinitesimal rotations in connection with an n-dimensional rigid motion, where the 
representative square matrices are real and skew-symmetric (Ghosh, 1043). 


* The detarminant (13) defined below supplies an alternative proof which is sunpler. 
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1. Lot us denote the general minor determinant of M of order s-with the principai 
diagonal elements Mai Hb, .... Bat, formed according to the scheme 


U awe - 
Bop (5) 
ab eed 
by the symbol tatja. We define then a column-matrix of the sth class, linearly 
dependent on (2), by i 


(Mji = E EL £51: (6) 
and a row-matrix of the sth class, linearly NE. on (8), by 


(My S od T à ens hag Cig (7) 


The indices ! and d occurring — in (6) and (7) will be called the effective 
indices. It must be noticed that by means of (5) we can form only s distinct matrices 
of the sth class having distinct effective indices belonging to the type (0) or (7). We 
further define the matrix of the sth class auziliary to M_by 


Ap 


Harbi.. dipq Bg: (8) 
pq-—i Harb} dl 


mM! is 


a...d 


- 


In view of the above definition the class-number of the matrix M is O. 


2. The general formula showmg the linear dependence of the column-matrix (6) to 
those of lower classes can be written down by noting the symmetry in the following 
typical relations : 


(M) = pangas (MY — Hasoyeq UM) — paga (M P — tags (M) 
Pas Mab = panyay (MYE — Basten (M) a — Hanger (M2, (9) 
Hans(M ate = Hangar (M) — asas (Md). 
Corre-ponding to the row-matrices represented by (7), the typical relations are as follows: 
(Mabey = paigas (M)y— Badjyr (M )u — Iain (M )o — htsz (Ma, 
Ba (Malay = pogas (Moy — Margy (Mie — Bata (Mns = (10) 
paisley = paisas (M)eby — Posner (Mave. 


Particularly important for the purpose of this paper is the set of mized relations involving 
the matrices (6), (7) and (8) of the following type: 


Hang KM — MI) = le (M)'LM)Zs + (MY (M Yea, i 
hanit- Ie Mà — Mila) = (MYE (Mtoe + (ME (M), (11) 
Haibjaf- Kow (M dy Mal.) bin (Mos. 

There is an alternative way of expressing (11) obtained by an exchange of the effeotive 


indices between the pair forming each of the product-ferms in the right-hand side. 
Thus, for the first two, the right-hand sides are equivalent to 


- 
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9 Wl (M fi 
(MY (M)a + (M). (M) + (ME (M)a, T 


(MVH (Mu + (M). (Ma, 


the third remaining unchanged. 

It should be noted in (11) or (12) that the difference of a pair of M’s belonging to 
any two classes is expressible as the sum of a certain number of products of the type 
C*R,, this number being always equal to the difference of the two class-numbers. 

' 8. The identity necessary to establish general relations of the types (0) and (11) is 
derived by the two-fold expansion of the determinant of order 28+1—t represented 
according to the following scheme: 


| Dis st: Dias, +1 
. Dont : 9, M 8+1 
Diris 8+, Stands for Faits... ipa. 


D-t, s-t stands for a E D minor of Disi, s413 


; (18) 





where 


D,4, s+; consists of the first s—t rows of D,,,,,,, and D,,,,,, consists of 8 rows of zeros 
except the last containing the elements Ppip Pog? i Ppisa” It may be noted that the 


three particular determinants leading to the relations (11) are obtained from (18) when 
we put, in succession, (1) s=8, t=8; (ti) 88, t=2; (iii) 88. t=1. The relations (9) 
will also follow from these determinants if we replace the suffix q in each by g. 

To establish general relations of the types (10) and (12) the procedure is similar, 
but the determinant defined above requires modification; so that, in the symbolic 
representation (18), Dst, s+, now consists of 8 columns of zeros except the last containing 
the elements Pag Fagg? e Parag and D,,,,.4 consists of the first s—í columns of 
D,,,, 041, the other D's remaining unchanged. : 

4. For a reduction of M “in the form (4), leb us consider a pair of similar sequences 
(ab...cd...) and (ij...kl...), containing not less than r distinct integers arranged in a 
definite order, the former being chosen out of the natural numbers 1,2,...,m and the 
the nd out ot 1,2; E^ n. We form then the sequences of auxiliary matrices 
Mi, MÀ, .. 4, M, ee With class-numbers differing by unity, till we arrivé at the 
last santaining rol pairs of indices, since M is of rank f. Referring to the last member- 
in the set oteformulas (11) we can write, in succession. 

MMe y-i-n 

Kai Fas Faibj (14) 
Mes "T (Mj s QM a 
Pattj...ok Katj.. okdt 
and so on, which are, in fact, the successive terms of the required expression (4). 
If desired, we may omit any number of the auxiliary matrices in the above sequence and 


consider only the remaining ones 1n the order of ascending class-numbers. This exclusion 
is a necessity if some of the auxiliary matrices become infinite. The general seb of 


M-M, = 


- - 
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formulae (11) or (12), will then also supply the necessary modification required in the 
series of equations (14), where the class-numbers differ by more than unity. In any case, 
it is obvious that the number of terms in (4) is equal to the rank of M. 

A particular case of the above reductiun has been dealt with in a previous pape: 
(Ghosh, 1944), where M is a square matrix of the Hermitian type. 


5. We conclude this paper by finding out a set of relations which may be regarded 
as inverse to (9) and (10). Let us take the first member of (10) along with the following 
three allied equations : d 


(Mbaya pagar M Ja — Boso My — Magos M Ja — pasate M)o, 

(M Jine = = Haiafyg M )o — Kainyog M )y — Baty M )s — Koisu (M )a, 

(Moby = Haitil Me 7 Basis (M)y — K atagyg(M Y — asas M)a 
Solving these four equations, we obtain 


patjat M)a-= Mai Mya + pay M yt s s par (MY Viya + Bag MY; 


HaitjafygA M )o = pu( MY ya + pay M) T Hop M)dds + Hog! M yo bd 
and two others for (M), and (M). 


(15) 


ead 


To express (M); 1n the form (15) we make use.of the identity 


jd get the equation (M) = pal M)y— poi(M)a, 
patsas (M'a = pawl M) cays + Pawol M) ikay + Pa M libya. (16) 
Proceeding a step further we derive the equation 
Poijsfg (M ns. Haitjag (M)abye + KaijzglM Jatav: (7) 


An inspection of the formulae (15), (16) and (17) suggests the general law which enables 
one to write down similar equations in other cases. Corresponding to the set (0), we are 
led to the following inverse set of equations: 


Haitjafye MÝ nas MES + ua MYL + pa (MEI + (ME, 
-. Hasen MË = pang M38 + pail MYE + nass ME, (18) 
hanja M)dl = hanja MVE + pans (M) Us. _ 


^ 
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PROBLEMS OF THIN PLATES WITH CIRCULAR HOLES 


By 
BIBHUTIBHUSAN SEN 


‘Received May 7, 1945: 


Introduction i 2 


Boundary value problems of circular disks with forces acting inside the disks have 
been discussed by the author in two previous papers (Sen, 1944). The object of this 
paper is to solve a different type of problems, namely, that of finding the stresses in an 
infinite plate, when either a force in the plane of the plate or a couple with its axis nor- 
mal to the plate, acts at a point outside a circular hole, not far away from its cenire. 
The distribution of stresses in an infinite plate due to forces applied to the internal 
boundary.of a circular hole was obtained by Bickley (1928). The method used in this 
. paper, which is different from that of Bickley, is as follows. | 

We assume that the plate is in a state of generalized plane stress and that its middle 
surface is given by the plane s=0. Taking the origin at the centre of the circular hole of 
radius a, we first write down the average stresses £2, zy, yy. due to the force or the 
couple as the case may be, acting at a point (outside the hole) on the hypothesis that the 
plate is infinite in extent and that there is no hole. 


Putting 
(A) 


TIU, = ZG | 
TTY, = LEY 3-34, 


where r? = z*-ry*, we can calculate the values of r. TE, and r TY, on the edge r=a. To 
annul these stresses on the DONERA of the hole we must superimpose a stress system 
T TES, T TY given by 


rJ. = q.9m, d y. 214, 
f (B) 
T. ry; = = 7, zya y. V)» 
where TEs, 23; und YY, are average stresses possible in a thin elastic plate such that 
[rag] rea 77 [rity] rea ' 
X = (C) 
[ryslroa = —([TYr]rea 


Expressions for rtz, and r.ry, in terms of the boundary values have been given in the 
previous papers and also in a different form elsewhere (Sen, 19088). These results are 


r.r, = Re [oe fee ae) +aL(a) i 


(D) 


- 


rig, Re| 12- feai) +aM(s) |. 
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where i= y (-1), s — z-- iy, Re denotes real part and L(z), M(z) ure functions of 2 such 


ihat 
[re] fra = — [Re L(z)], raga) 


nee = [Re M (2) ena: 


(E) 
Moreover, we have he | ye 
T2, + yy; = Re f(z), i 
and f(a) = 2ae7"[ L(#) +iM (a) | | 
excep when f(s) oc 27'  [cf. Ait. 3(b) (Sen, 1988)]. 


(F) 


In these problems r2, and TOU, wil be already known. Hence from (C) the values 
^ of 742, and T.l ja on the edge can be found. Then we can obtain the functions D(z) and 
M(#) which vanish at infinity and satisfy the'relations (E). The values of L(a) and M (9) 
being known, f(z) can be found from (F), and hence from (D), the values of r. rz, and r. TYs 
can be completely determined. The resultant expressions r.rz and r.ry at any point are 
then given by 


(G) 


TTL = ye 
PTY = T.TU,-b T.T 4. 
1. Solution for a force acting at a point near a circular hole 


Let an isolated force T act at the point A(c, 0) (6 > a) in the direction of the z-axis, 
that is, in the direction of the line joining the centre O to the point A. If there had 
been no hole in this infinite plate, we would have the corresponding average stresses 
(Coker and Filon, 1981, p 827), given by 


as. Oto) (-9 Hite) onda"), © (Lia 
oe : [ Brow _ 21 tor, MEC (1.1b) 
~ jad Bede 28 £- c) ure e-9], E (1.10) 

where e is Poisson's ratio and r,? = ‘laa Hence from (A) we have l 
ET 20 EDUGP.UrIM Ulo LU Cayo), (1.2a) 
-- m -Ezgo atl ey ania D (1.2b) 


Ata point T" y) on the "n edge we have 


= _ TŌ (8 +e)lz— afec Ali 4, Qt o)y'(a* —c 
[me = L| Ert mmm. Lern) 9 


= Tf (1-e)y, 201 + o)zy , 2(1-* o)oy? 
[1 ie il - ape Api ae | (1.8b) 
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If B be the inverse point of A with respect to the circle we know that c. (AP)~ = = 
a.(BP)7?. Hence expressing AP in terms of BP we find from (C) that expressions r.rz, 


and T; to be determined must be such that i 
= _ TŌ (8+erja(z— a*/c) , (1+o)a?y? “a +o)a*/ (1+0)a*(c? ~a*)y? 
[neam cL OT Soe cU r a 1 (1.48) 
= a l-—o)a 9(1--o)a 2(1 -- o)a*y 
Pile = El epp te OE ] in 


In terms of $ we have the above results as 


(8c) (1+0) sa? (Lec) (—a*) (0) (à — >j | 


` 7T 
[7-123 }raa = m $—a*[c t 78e 2—a [c X 92c(a— =a fe) . 2c B 





(1.5a) 
—- _ (1-e)i? _ (1 + jie 4 (L+o)ia(s?—a") | (1-4 o) ) i(8? + a?) 
i Hislres a; Re e(a—a*]c) g — a3 o Jole —at]cy xum HED] : 
' (1.5b) 


"The last term in each bracket on the right baad sides of the above expressions - which ' 
gives zero values on T =a, has been added to secure the vanishing of stresses c2,, Lys, YY, 
ab an infinite distance. We find from (E) that we can put 





T 2a* (1 + c) z (i+ c) 2(2? — a) s EE) (e — a?) 
ee Elana) u < 8 — aje 9c (s— a/c)? .-- - 90. g ‘|. (1.68) 
A T[. (1-o)ia? (14 ojiz? , (1+o)ia(s?-a7) | (12-0) ig i(g? -- a?) j 
a) 4nl c(e — a*]c) #-a?/c = 2c(¢—a*/o)* UA 2c 3 |, (1.6b) 


which give 


, Liat iM(a) 


f(s) = 2 : 
PER UR 1 1 2(1--o)a _ (+e) (24—a*) _ (1+0) 
d =| 8 ®) f — ajc a | t — ajo) c  (s—a*[oy e 4 oa 


Substituting the above values of L(z), M(z) and f(z) in (D) we can obtain the values 
of r.rz, and r.ry, at any point, ` 
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Since rr = 0 on the edge r = a, the hoop stress at the point P(a, 6) is 
[60] nna = [7 + 68 leon = = [zz, + yy, -- Re f(a) lpna 


"ESL (14 oY2— ) , (8-0) (z—-a? (8—0 Il+o 
xl 4 tgp Bore Cro 


,20 *oja*(z—a*/c) (1+ zho a* a — a?y* 
c. BP’ c? | S 


In the particular case when c = 2a and o = 0.25, we have 
— T l 
[08 |. m 2-6) (1.9) 
where 7,(0) is given by the relation 


4(5 — 4 sin 6)*1,(0) = 22 cos 86 — 76 cos 26 + 82 cos 6 + 15°25, (1.10) 
The graph of the function I,(0) is given in Fig. 2. 
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When the force acts at the point (a, 0), c = a and hence 


AP? = BP? = 2a?(1— cos 6). 
In this ease : 


[00]... = 5 [24 (8—c) cos 0]. (I.11) 


This result tailies with that deduced from Art. 9 ot Bickley’s paper. 


2. Solution for a couple 


Let a couple of moment Q with its axis perpendicular to the plate act at the point 
A(c, U). Had there been no hole, the average stresses in the infinite plate due to this 
couple would have been given by (Coker and Filon, 1981, p. 862) 


oe, = & —o0y 


n 
E S 


ny, = gv Pec (2.1b) 


(2.12) 
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yp, = -2 n 2, (2.10) 
where as before 
= (gef +y’. 
Hence from (A) we have 
Us = 9X - e) 
2nr,* 
ss Q (2.2) 
Ty, = Sart [2er? — a(r? + c?)]. n 


B being the inverse point of A with respect to the circle, we have at any point P(x, y) on 
the edge r = a 











[?.12,]rea = ee = d (2.82) 
[reus = gS [ 20a? ofa" +07)] = Eloa o) —— (8b) 
From (C) we then have 
[r.7ta]roa = SEP = 22 [Re (or 55) 1... 10) 
[T.T Ya] e.a = ot ups c3) —2ea?] = oe | Re EO ) io (2.4b) 


On reference to (E) we find that we can write aL(s) and aM(e) in the forms 


; 
Bue v Le 
EUM 2nc? (s—a^jc)* 


(2.5) 
aM(z) = x a aT 
s0 that | 
f (s) = 2a Lie) ri (e) 20r i (2.6) 





ro? '(a —a*[c)* 
Bubstituting the above values of L(z), M(a) and f(s) in (D) we get the values of r.rz, and 
r.ry,. The hoop stress 66 at any point P(a, 0) on the circular hole where rr = 0, is given 


[68]... = [rr 00 ]pan = [22,+ yy: + ROf(2) rca = [RO fto)]r-a 


4Q c sin O(c cos 0 —a) (9.7) 


2Qa* í m (1^ =m M, 
2a sin la cos 0 — a*[0) m (c? +a? —2ac cosy 


~ a8. BP 
Taking the particular case in which.c = 2a, we have 


[tó] ea = 222 . 1,0), (2.8) 
ae ‘ i 
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where 


Lip = sin 6 (2 cos 8—1) 


The graph of the function I,(6) ia given in Fig. 8. 
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MATRIX TREATMENT OF A RIGID BODY MOTION 
IN COMPLEX SPACE 


Bv 
N. N. GHO8H 


(Received June 28, 1945) 


In two previous papers (Ghosh, 1040, 1948), some characteristic properties of a 
‘rigid’ body moving in an Euclidean n-space were obtained vy a matrix method. The 
“object of the present paper is to extend those investigations into a complex domain of 
n dimensions, Representing a complex vector by means of a Hermitian matrix tf a 
certain type, the development proceeds in close analogy io that in real space. Thusa 
complex vector has not only a real magnitude but also the cosine of the angle between a 
par of such vectors is real. F urther, the kinetic energy; the magnitude ot angular 
velocity, the moment of a couple and the work. done by a force or a couple are all defined 
by real quantities. Moreover, under this general scheme, a note-worthy feature is that 
the symmetric and the skew-symmetric matrices, representing different physical entities 
in real space, are both merged into the Hermitian matrices, which, as a matter of fact, 
play a fundamental! role in the present analysis. 


Let the rigid body be initially at rest in a certain vector space at time t=0, 
Radiating from a common. origin iet vectors H, K, ... gpecify different particles in the 
body. Denoting the co-ordinates o£ a typical vector H by (h,, ha, ..., hn) let us represent 
it by means of the Hermitian matrix © 


f+ í ^tl = 
H = Bhp_.epit È hy 181p, (1) 
pea pes 


where the e’s denote matrix units and the bar over an element denotes its conjugate 
complex. Associated with (1) we have the Hermitian matrix 


w 


! ^1 . nti .. 
uH Seon 2 ihy.0p,— > thy-1€ ip, d (2) 
psa psa 


representing the vector with co-ordinates (ih,, ths, ..., ih). We shall call ib the vector 
adjoint to H. It is to be noticed that H multiplied by i does not represent a vector. 
If h's be split up into real and pure imaginary parts according to the relations 
hg; = ag +iby_,, the matrix (1) takes the form 


f hel "tl l 
= JA r-en + Cip) + EA — 61y); (8) 


which involves 2n elementary Hermitian matrices 
€p = Ep, b O, y, leg = i(6p1 — 861p); (p = 2,8, ..., n4 1), (4) 
serving as co-ordinale vectors of the complex space, 
Again, introducing the diagonal matrix 


” 


n 


U, = & ep, (5) - 


pea 
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the column and the row parts of H in (1) may be expressed as U,H and HU, respectively. 
Referring to (2) we have then 


U,GH)-— iU,H, GHUs= —i.HU,. (6) 


i 
lf « be a complex number then «H is a vector in the plane of H and iH and we have the 
general relations 


U,(«H) = &.U,H, («H)U, = a. HU. (7) 


The square of the length of the vector H is then given by the matrix HU,H of type 6, 
In fact, all vectors aH have the same length, provided ax = 1. As for the angle 
between two vectors H and K we shall take the real quantity 


1 HU,K+KU,H (8) 
2 V (HUH) (KUK) 


to define its cosine, denoted by cos(H, K). In accordance with this definition the cosine 
of the angle between a pair of adjoint vectors H and iH vanishes, so that they are 
mutually orthogonal. Thus the 2n coordinate vectors (4) are all orthogonal to one 
another and they are of the same length equal to unity. When (8) vanishes by virtue of 
HU,K = 0, the orthogonality between H and K also involves that between H and iK and 


the orthogonality is said to be complete. se 


Forming the product of a pair of matrices H, K we get 


HK = T ID +U,HKU,, (9) 
where | 

H ntl... , 

g f represents A uictus A0) 


The product of three matrices H, K, L may be expressed as 


HEL = Goo {Poy (11) 


Generally the product of an even number of matrices is of type (9) and for an odd 
number the product is of type (11). It follows from (11) that H satisfies the characteristic 


equation 
* 3 H 
iP = fü. (12) 


Let us consider now the elementary Hermitian matrices iU, (KH —HK)U, and 
U,(KH+HK)U,, belonging to the general type 


^51 


QD = e. GOp—1i:g—1 pq; Ung = t0gp* (18) 


Putting the first in the form U,(tK)HU,+U,H(iK)U,, we represent it by the bracket 
notation [H, K], then the second is represented by —[H, iK]. 


- 


v 
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We note the following properties of these symbols : l 

[H, K] = [iH, iK] = —[K, H] 5 — [iK, iH], (14) 

[H, iK] = —[iH, K] = [K, iH] = —[iK, H], (15) 

[ Un, inj) + (a, +ib,)K, (m,+in,)H + (a,+1b,)K] = (mn, — nm) H, iH J+ (a,b, — a4) 
x [K, iK ] c (am, —a,m, + b,n, — bmn) [H, K]+(b,m,—b,m,—a,n,+4,n,)[H, iK], (16) 


[H, KP = - 5 {Fh x, ixj- AK tH, iH] + Feu ik |, (7) 


where the small letters denote real numbers. 

The Hermitian matrix —$[H,iH], that is, U,H?U, will be called a simple Hermitian 
matrix of type (18). It has been proved elsewhere (Ghosh, 1944), that the general 
Hermitian matrix (18) is always expressible as a sum of a number of such simple 
Hermitian matrices. To express [H,iK], for instance, in the desired form, we may use 
the identity a 
2imU (HK 4 K H)U, = U,QH mE) U,—U,(LH —mE)7U,, (18) 
where l, m are arbitrary real numbers. 


2. We are now in a position to define a rigid body motion. Let the coordinate 
axes (4) be fixed in space and for simplicity, suppose the motion takes place about a fixed 
point at the origin, The mutual distances of points in the body and the angles between 
any pair of lines will remain unaltered if at time t any representative vector H js trans- 
formed into X in accordance with an equation 


XA HH j (19) 


where A is a unitary matrix of the type 


n-d-1 
A = 3 Ap—1,9-1 Ong, (20) 
pg™3 


depending on the time such that A=U, when t=0, and At is the transposed of A with 
complex conjugate elements, so that AAt = U,. Differentiating (19) with respect to 
the time, the velocity at time t is given by 


X = AH+HAt, 
or TM 
eX AATX EXAM, (21) 
Now the relation AAT =U, gives 
AAt+ AAT — 0, 
and consequently 
—iA AT = AAt 


is a Hermitian matrix of type (18) which we denote by ®. Rewriting (21) in the form 


* 


X = i®,.X-Xid (22) 


the acceleration at time t is expressed as 


X =(ib-)X - X(ib — 99). (23) 
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From (22) it follows that 
XU,X+XU,X = 0, 


that is, X and X are orthogonal, hence (22) represents an instantaneous ‘ mfinitesimal 
unitary rotation’ (Weyl, 1928) about the origin. The square of the magnitude of the 
angular velocity involved in it will be defined by the real quantity 


IT 


2, a Ppa dpa (24) 


which is half the trace of the Hermitian ®?, 


If X be an eigen-vector of ®, (22) reduces to the form 
X = aiX, (25) 
where a ig a real number. Corresponding to its adjoint we have similarly 
iX = —aX. (26) 
Thus every vector in the plane of X and iX, where X is an eigen-veotor of b, undergoes 


rotation in the same plane along the direction of its adjoint vector. 


When © is a simple Hermitian of the type U,L°U,, the corresponding otros will 
be called cnn: The equation (22) then reduces to *- 


on {ptun boy, = 21322 (27) 


Hence the instantaneous simple rotation takes place in the plane of L and iL, the particle 
at any point X moving along the vector Ax p, which is orthogonal to X. 


If the eigen-vectors corresponding to the eigen-values of be all known then the 
general rotation (22) may be decomposed into a certain number of simple rotations, 
occurring in a set of completely orthogonal' planes of the type, defined in (27). For a 
decomposition in an oblique seb of planes, on the other hand, we may use the formula 
(Ghosh, 1944) 


F 8 
p= 2 p,U,LAU à (28) 
rml 


where p's are real numbers and s denotes the rank of ®. It may be noted that the set of 
vectors L, may be obtained in an infinite variety of ways, the vectors, however, all belong- 
ing to a linear subspace uniquely associated with d. 

8. Let dm be the mass of the particle at H, the Aaa body being at rest, then 
SdmH = mH', where m is the total mass of the body and the vector H corresponds to 
the centre of mass. At time t, let H' be transformed into X' in accordance with (19), 


we have then 
X-X’ = A(H — H^)  (H — H^)A!, (29) 


whence ZdmX = mX', also XdmX = mX a SdmX = mX’. 
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The kinetic energy at time t will be defined by 
iXdmXU,X = jmX'U,X' - 3Sdm(X -XU (X — X), 
which by means of (22) may be written as 
jEXdmXU,X = imX'U,X' + A3dm(X — XVOAX — X7). (80) 


The Hermitian matrix ZdmU,H?U, of type (18) will be called the matriz of inertia. 
Its eigen-vectors wiil determine the principal axes of inertia. Analogous to real space, 
we have the following relations: 


XimU,H3U, = mU,H^U, + XÀmU (H — H'PU,, ^ (8M) 
SdmU (X— XU, = AfSdmUj(H —H^?U,]AF. (82) 


To define the moment of momentum at time t about the fixed origin, we take the 
Hermitian matrix 


XdmU.(X.X 4 X.iX)U, = iXdmU,(XX — XX)U,. 
Introducing the vector X’ and making use of (22), this is expressible m the form 
| i.mU (XR! — X'X)U, + $XdmU(X — XU, +{Z3dmU (X-X FU}, (88) 


involving the matrix of inertia. It may be noted that in the kinetic energy expression 
(80) the elements of the matrix of inertia are also involved, 

4. We pass on next to the representation of a force acting at a point in a rigid 
body. Analogous to the representation in a real space, we shall take the Hermitian 
matrix i 

P+iU({HP-PHR)U, (84) 
to represent a force P acting at the point H. Using bracket symbol we may express the 
above in the form 


P 4 [P, H]. (85) 
A force P at the point iH is then represented by 
P 4 [P, iH]. (86) 


Since [P, P] — 0, the point of application of the force P in the above may by transferred 
anywhere along its line of action. Combining a force —P at the origin with (36), we 
notice that [P, H] represents a couple in the plane formed by P and H. If z be deter- 
mined by means of the equation 
PU (H—xP)+(H—aP)U,P = 0, 

then [P, H] reduces to a form [P, H,] in which P and H, are orthogonal and H, may be 
called the arm of the couple. Referring to (16), we have the identity 

fm,P+a,H, m,P+4,H]| = (a,m,—a,m.)[P, H], (87) 
go that couples lying in the same plane are multiples of one another. 

Further, we have " 
[(m,+in,)P, (m, -- fm, )H] = (m2+n,))[P, H], (88) 


which shows the equivalence of a set of couples, 


“ 
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A. system of couples acting on a rigid body can be combined to form a general 
Hermitian matrix of type (13). The square of the moment of the generahzed couple Q 
will be defined by the real quantity 


l1. - 
Lie e» 


which is half the trace of the Hermitian Q?, Corresponding to the couple [P, H] the 
expression (89) reduces to 


PY CH 1fPY* 1fH* 
i-i: 730) x 
: 
A couple [P, :P] will be called simple, Ib represents a force P acting at iP and'a force 


—P acting at the origin From (88) it follows that [«P, iaP] is equivalent to [P, iP] 
provided «x = 1. The square of the moment of the couple is given by the real positive 


quantity 
P 2 
215] (41) 


The three sets of couples [ey, isp], [ep, teg] and [e,, ey] are called the coordinate couples. 
They represent the elementary Hermilians —2epp, —(égp+6pq), i(695 — 654) respectively. 
In terms of these coordinate couples a generalized couple Q is of the form 


] nti . fiti i fil ; ] 
Qs 5 2 Wp—1 pi 6p: isp | 7A ocn q—1 [ep, ieg] ge bp-i gi [ep, eg] , P<q, (42) 
where wpg has been replaced by ay, iby,. X 


As remarked in (28) a generalized couple Q of rank 8 can always be expressed in the 
form ' 


3 


2 = X LM, (M,], (48) 
yul : E E 


where l's are real numbers and the set of s vectors M, are, in general, oblique to one 
another. We shall now obtain an expansion theorem for an arbitrary vector in terms of 
the M’s. Suppose we have determined a set of reciprocal vectors M; (Ghosh, 1944), such 
that 

M5U,M, = M,U,M; = 8p, Cx 


where 85, denotes the Kronecker delta. Let us assume that an arbitrary vector N is 


expressible in the form 
e 
N= 3% (a, +1b,)M,, (44) 
rol 


then we have 
NU Mp tM UN = 2a, e, j 


i(NU,M%—M?U,N) = by e,,, 


whence ay ib = ea? 


~ 
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bu 


Thus the required expansion of N is given by 


= 3 = 3 {4 bo, (45) 


It may be noted that mterchanging M, and M? in the above we get an alternative 
expansion. : 

A system of forces acting at different points of a rigid body is represented by the 
Hermitian matrix P+Q, where P denotes the resultant force and Q the resultant couple. 
By means of (48) and (45) we can express it in the form 


8 8 
> a, M y+ > LIM, iM, |, 
: DLE rel 
where o, 18 a complex number. 


"Iransforming the above, by means of Vh into the form 


^ 


8 $ 

EJ O&M, + A "i (Me, ia, M,], - (46) 
it follows that the system of forces 18 reducible oniy to à set of a forces acting at definite 
‘points. ' ; 

9. Let us now introduce the generalized notion of work in complex space. Buppose 
the point of application X of a force P be displaced to X+.dX, then as a measure of work 
we shall take the real matrix ; 
3(P.U,.dX - dX.U,.P) (47) 


of type e,,. Referring to (8) this is equivalent to 
y (P.U,.P) J (dX.U, dX) cos (P, dX). (48) 


If dX be along the vector iP, the work evidently vanishes. Writing the vectors P and 
dX in the form (3) 


n+l : 
P = 7, (pj-19j + Dj-i16j), 


-X (da. 165 + daxt_yies), 
the expression (47) becomes 
0, J (pj dz; 1 + pj—1d $1). | (49) 
If dX be repiaced by idX, the expression for work is of the form 
eu, 3 ( —pj-1dzji + pj-1d2; 1). (50) 
We now define the force P as a function of X by means of the 2n equations 


Pi es pii (tizi... LEi... Ca)» 


(51) 
pj-i = pj-a(ziaá. .. CRTI.. th), 
then (49) or (50) may be integrated between given limits to calculate the work done for 
some finite displacement in a field of torce. 
8—1651P—9 
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Proceeding to the case of a rigid body, let the force P acting at the point X undergo 
infinitesimal displacement, consisting of a translation and a rotation, defined by 


8X = 8A +i8@.X—X.i9®, (62) 
Then the work done by the force is given by | 
4(PU 8A  8AU,P + P 18b, X — X 100b. P). : (58) 
Combining the above with the work done by a force —P acting at Z, we get the work 
done by the couple [P, X~Z], represented in the form / 
i M(PS(X —Z) — (X — Z)8bP]. ' (54) 


L3 
on 


By evaluating the matrix products involved in the above, it follows that the work done by 
any couple I' may be expressed in the symmetrical form: 


1? | 
E 55 
611 a bse yi, (55) 


where 865, and yy are a pair of mutually conjugate elements of 8 and I' respectively. 
It may be noted that the work done by the simple couple [P, iP] is given by — P&P, 
which is expressible in the form (55). Hence the work done by the generalized couple 2 
18 given by the matrix 


l S3 56 
CT NL | (56) 
6, Analogy with the real space is further maintained if we adopt the usual dynamical 


principles and form the general equations of motion of a rigid body in complex space. Let 
the force on the element of mass dm at the pomt X at time t be represented by . 


Pdm+|Pdm, X], 


then, by applying D’Alembert’s principle, the equations of motion are 


- XPdm-X[Pdm, X] = XdmX + X[dmX, X]. 


Introducing the matrix X’ which corresponds to the centre of mass of the rigid body at 
time t, the above is expressible in the form 


XPim4A[Pdm, X-X] = mX +2 ¥[dm(X-X), X-X']. . (57) 


For & suitable ahoies of axes further simplification will be possible, The transformation 
formulae for a set of moving axes follow in a similar manner ás in real space, where the 
orthogonal matrix is to be replaced by a unitary matrix. 
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ON AN INTEGRAL EQUATION ASSOCIATED WITH THE 
EQUATION FOR HYDROGEN ATOM 


By 
S. N. Boss 


. (Received May 15, 1940) 
I 


The Schrödinger functions '$' characterising the stationary states of hydrogen atom 
are now’ very familiar things in analysis as also the differential equation which they 
satisfy, namely, | 


Li 


vio «Bom orm (n+p =o. -— | (1,1) 


The associated functions M, defined by the relation, 
=f M exp. 2m(lz + my - n2) dl dm dn, (1,2) 


can be utilised for defining the probability in momentum space if the momentum variables 
are introduced by the relations ps = hl, py = hm, p, = hn. 


When inversion is possible, (1,2) implies also 
M(l, m, n) = f oxp. —Ani(le + my 4 n2) de dy de (1,8) - 


and solutions of (1,1) can be utilsed to calculate M’s. —Elsasser (1938) has followed "this 
method and. arrived at fairly complicated formula. Another alternative would be to set 
up an appropriate equation for them, and investigate its solutions. This is an integral 
equation, whose complete solution is presented here. The analysis presents several 
interesting features, and leads to expressions of M’s, which can be immediately utilised 
to study their properties or to'apply them to physical problems. | 


II 


If we use the semi-convergent integral 


di dmn dn gei " 
T m. Bim pn exp. dro mpm R? = tyt +2, (2,1) 
then combination with (1,2) leads to the iollowing sex-tuple integral for ¢/R, after a 


change of variable and order of integration : 
$ L1 [MAL um v=) oen. on et uy | 
R m Dtm +n? exp. 2n(Az + py + vi) dl din dn dA du dv. 
— 1 fMQ—L pom, v—n)dldm dn 
" P+m?+n? 


can thus be regarded as Fourier transforms of ¢ and ¢/R. 
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^ 


Using then in the Schrédinger equation (1,1) we deduce the following integral 
equation: 


M(l—-a, m—y, n—: 
(Pm +n- kM = A f s dg de dy ds, (A) 


where 
k? = 2mB[h*, and A = 2me*[nh*. 


M is here assumed to be finite and single-valued throughout the domain of integration, 
. as also. i l i 


f IM Pazayas = 1. 


(A) is the characteristic integral equation for M-functions of hydrogen ; for k? <Q, it leads 
to the discrete spectrum, while k* > 0: yields the continuous spectrum. 


It is easy to transform (A) to the Fredholm type, when k*<0= —a*. We first 
transform the origin, 1,¢., put l—g = x, etc, in the right side. (A) becomes 


AM (2x’y’2’)da'dy'da’ X , 
5m? tn’ = E)M = -— | m a g 2,82 
Pn [l x) + (m— y^ + (n - s'ji (2,82) 
when k? = ~a?, we make a similarity transformation 
l= Va, wv’ = az", ete., 
and put 
M(l, m, n) = M'(l', m', n) 
whereby 
dz’ dy' dz’ = a3 dz" dy" da" 
and 
(77 + m? 4 n? 4- a3) = a2(1?27+m%+n7+1), eto. 
The relation becomes 
| À M'(a^y'2')da'dy'da' 
Pam -m-nMe-[.o Müsys)ayaos — 
V ROC aJ (l~2’)? + (my) (n=) 
If further . 
V¥(1+2+m?+nM=9, — 
then 
ae e(P)dvp 
«4) = «f (L— 2) + (m—y)? + (n —sY'] y (1+ m? tn’) y (lta? + y? +27)’ (2,89) 
where - e3 r 9m P 
| omhM— E 
- (2,88) is thus seen of the standard form ~ 


(4) = -A | (PKA, Pv», 


- 


where the kernel is symmetrical in A and P. Such a transformation, will however 
make the kernel imaginary within the domain, if k7>0; fo have an uniform treatment 
to cover both the cases, we will not utilise the transformation mentioned above. 


Ed 


i 


/ 
INTEGRAL EQUATION ASSOCIATED WITH EQUATION FOR HYDROGEN ATOM 58 


HI 


~ 


We require the following simple result in our subsequent calculations. If7, and 7, 
are the distances: of a point P(z, y, #) from two fixed points A(a, b, c) and F(f, g, h), the 


integral 
ems HELL 





extended over the whole domain easily třansforms to i 


EPE dXdY : 
cJ 5 Ko 


in bipolar co-ordinates with AF = 2c, : 
dz dy da = c?(cosh?£ — cos*y) sinh € sin n d£ dg do, 


and 
X=coshé and Y= cos m, 
whence by easy integration, ` "Lm 
Iz di ouem RS XN (8,1) 
Again, if  ' a a oa | 
: i M(a—s,b—y,oc—2)dzdydg _ _ J M (a’y’a’) da’ dy’ da' 
eal |j x+y? + 2? (a—2')* + (b — y) + (c—2’)? (6,2) 
we have, by multiplying the equation with Š 
| da db dc 

(/—a)** (g - 6) * (h—c)* 

and integrating over the whole domain, € ’ 


S f A(abc) dadb dc as f [uero da’ dy’ da’ dadb do 
[(f-a)?+(g—b)?+(h—-c)?] [=+] If -ay t] 
~  Changifig the order of integration and utilising (8,1) we have 
f M (z/aj'2!)da'dy/'da' ad f A(abc)dadbdo . 
[f —2)* (gy) + hae) jo mA J [(f—a)* + (g—5)* + (h —c*] 


1 [f A(f—a,,...)da'db/de' . 


3 


mA) ab. o 


- 


A— 
— 


hence, operating with Vij on both sides, as 
3 M(z^y's')de'dy'dz' _ 
V (fgh) [6 a) mi 
from potential theofy, and 
] V? (Aa, g b, h—-c)} = (V*4)(f—a, g—b, hc), 


. we have finally — : E 1 f(QA)0f—-a,g-b,h—c)dadb dc 
Mpeni] EM ^ ^——— 


-— 4r M (f, g, k) r 


E 1 (v^ A7) da'daj'da' = 
7 aad [f — 27 + (9 — y? + (h-2’)*] n 


as a solution of (8, 2). 


54 5. N. BOSE 


This important result furnishing a solution, of integral equation (8,2) with obvious 
restrictions about the nature of the function A, enables us to tackle our present problem. 


€ L 


IV 
~ S 
d d dv. 
According to a well-known theorem due to Hobson, if an operator 8 ( aa du 3, ) is 
Ponsa Rd by substituting rs .., otc. for c, 9,23 in a solid harmonie S, of degree n 
(a ee integer), 
d d d " j 
às dy à =) Fr) 2^8, (v, Y, (4 5) F. (4,1) 
Let us assume with regard to the integral equation (A), that 
M(e, y, 8) = Saiz, y, 8) f(r) 
Or Pp 
i j E d d d : 
: Mey) = BT. is AM) (4,2) 
in view of (4,1); also (r? —k°)M (z, y, 2) can be written as ; 
d 2 
Ss (32 ay L ENB o- (4,8) 


with the sume operator, as the same surface-harmonie will occur-in both. Also as 


s,( 5. a $)A = "S, (a, 1, (4, J'A = M, 


dz dy dz i 
m (og( 3, p = ang (o, y (1 )'b- (=M, co 0 
| "Az dy’ da iat ae | 
. we have 


Gi) B= (ae) A= Gs ) [AG -E)-nA] 


a 
Imp'ying x =$- [A(r* - &?)] 7 2nAr. 4) 


We have also from (A) 
x {2 Je E Z^ [s -- [A dadyda i 


THY HR? 


= d A[(a—2)* 4- ...] dz dy de 
ADD dw 


Hence removing the operator Sy 


B=) f A[(a-c) 4. ]dedyds (4,51) 


x+y" +87 
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and hence on account of (8,8) 


A= cu. ty BGP quoc saedyde. 


* We now perform the integration; assuming 


(a — x) + (b— y) + (o —3)! = f? = r'-- p! —3rp cos 0 
according to the accompanying figure 


P (xy, 





we have, as fdf = rp sin 6, 
pB(p?) 2A | n f^ ^17 ATIP 
fac (p— -r 
= an [9 [G,[p+a2]—G,(p—a)], |^ > 
0 


where 


= A(z’) 


and G,, an even function of z. Similarly from (4,52) 


Anc l fd ME 
pA = xu] ze L(p —2)], 


where i 
dL __, . 
zda V Ble") ; po 
— hence integrating and putting 
Wop, s 1909. 
P n5) ar cr = VB 


we hate 
Glo) = -sir um [0(9-2)- 00-2). 
where - 
1 d " 
z | c da! re dai ji (B), 
or Q mq zb, 


and therefore an odd function of z. | 
Putting finally 


` 








B(x?) inis Q 
2A a ga 


(4,52) 
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we have the following relations between G, and G, in the skew-reciprocal form: 


P G(p-4- 2) — G,(p— 2) 
d.) = 1 A META G07 2) ap, 200 0085 
i , 
ism -1f Gp t 2) — Gt =") áz, (4,54) 
0 


If the funetions G, and G, are introduced in (4,4) we have 





d aJ- 1 Hoe -gt 


drLr ] 9A Ldr r 
or 
8, m zl. am | -p —9nzG | E" 
Ns Gy „ld | Gy | (4, 55) 
æ (r? kA 2A dalL(a? - kd : 


The skew-reciprocal relations (4,58) and (4,54) then at once suggest that 


G 1 d G : 
Gaps = "nds tx ' ee 
is true at the same time. 
(4,55) and (4,56), lead at once by integration to 





G, = B? — I? cos (741 [£s i 
G, = — Ae? — k*^ sin (27 og ER ) | (4,57) 


when k* 2 0; when k? = —a?, on the other hand, 


G, = Wr? + a°)” cos ( an tant) ; 


? i - 
Ga = —28(2? +02) sin (= tan?= ). (4,58) 


The two equivalent forms of M are . 





E )] 





M(x, y, 2) = AS,(z, y, a (= s) e- Won (368 2k 


s 


- — 25 AS nla Ys) ( 2) eS pia Ho (2. En (4,591) 


BIER 
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for the case: k? — 0; while; fh? = —@’, 


_ PY PE XM ot A T | 
M(x, y, 2) = B Sí, y, 2) ( : T) [e Ta? cos ("tan A ) 


or 
Sm, y.2)/ 1d [eee OA, aT 
= 9,1193 ln pf L exis = 4,5t 
o2 A28 Hu ( = =) X ie sin ( — tan z) À ( l )2) 
V a 
As M is to be single-valued, we see, in the case of k? «20 = —a?, that a restriction 


comes in regarding the choice ot constants of the problem. 
tan" l(r/a) is a multiple-valued function of the form 6+Nzx; if therefore 


Onn 
a 





a 
cos ( tan"! 7. ) and sin (22 tani 7.) are single-valued, it follows that 17A/a must 
a a a 


be an integer = N. This gives discrete energy-values: 


bM 





S" 2,4 
. 6e Th 
or . pl .9rem 


: 2..42 2 T 
eos ( N cog? EZT )e int : f 














a? +73 (a? + 77) 
we see that M=0 unless N 2-1. 
Again‘starting from the series 
ts rersinN@ ——1—hcos0  . 5N cos NO 5,1 
1—2h cos 8+ h^ 2m . sin ’ 1—2h cos 6+h? 0 AES On) 
and writing j - : | 
8 | a= pin ae OE 
cos @ = ay m and sin 8 = "mem 
we have Sy pt 
Qa(a? +17) = 3 WUT T) uin NO, (5,2) 
~  -{(1—A)2a? + (1 + A)? r} p 
aü-h)rr(lrh) _ X hY cos NO, (5,8) 


{(1—h)*a* + (1+ hr?) 
4—1551P—2 
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Multiplying (5,2) with (a*-- r*)^7! and differentiating n times with regard to r, we have 


1 
(1 — h)* a? + (1+ h)?r* |»*: , 
- (a? + 7?) a—r\]. 4. 
— n| gant gini ud — NE hye A A) [ec sin ( N cos 4) (5,4) 
from (5,8) we deduce similarly 
| 1-h* 


Ceres eo 


EFT oJ Le 2105-7 E 
2 pinta’ S m Ij Do n (A) “| @ +1)" cos { N cos xin dd (5,5) 


Remembering the Gegenbauer expansion 


at (2h) 
GT Rake PIE 7 wart lois (co) 


we can easily deduce, if v=nt+1, «1 and 








oon 

3r 

the follo wing results: E 
` l 1 ! A pni -7 | . 
— MÀ h ? ,6 
a(1—hy--r(l--h)?|"* — (gt. Dm [1*0 FF, (5 e+ ;) uj 

1-h* : 1 (n-F l4 X)44A pati (eC r | (5 

[POH er ERR T arse atl e FIL) n 


Comparing (5,4) and (5,5) with (5,0) and (5,7) we have 


1 d gees |= 1) QN+H ant! n | nti a? —r? 
Erala) p MP rapa Palape)’ 








and 
d (—1)t2Nt5g2-93N.nl x41. (a*—7* 
(a emen] - mtr! (e), 
Hence n+l E 
M(e, y, 2) = 38 Sale. na( i | (an? cos ( N cos? = =) | 
or 
-20a Balane) ( 5. )7 [EEPE ain (IN cost 7 
dier xit) ; i sin ( N cos aie) 
ntl a? — rà 
= C S«(e, y, 2) Fia): x 
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VI 


When k? <0. the problem can be transformed to a homogeneous integral equation 
of the Fredholm type, with a symmetrical kernel 


"TEE f #(P)K(A, P) dvp. 


The results that we have obtained above enable us also to say that 





ae n+ red mi : 
$- 0/1r2Ty "er Bis, y,2)( +5) | 152 yh ea) cos ( N cost 1 ay 


147 
edes 8 (x, y, 8) atl 1—r? . 
= Dass y repr qa) 9 


are eigen-funetions corresponding to the eigen-value —(n--1--A)/m? for the kernel 
K(A, P) wm te oe 
| (z—2'f (y y) * (78)? V (leery te) W (Y-c "e y" a) 
Writing : 


M(z, y, à) = Ene nd peti (COT) = © Yn, Prose ns) 


(a? + i\nt2 A + p2)nr3 A a? 4. 72 
8180 


à pint? pt a —rTF 
f M’dzdyds =1 = @ f ¥,2(8, ¢)dw f GI Ie ( 25) l'a. 


To determine the radial integral, we use (5,7) and write 


S REN i a nt MEME 
ae [ea Ber epe - gren eg 


p 
= gg PEIA Ite) (2M pas ^ 
which reduces to / 


_ (— 1)"*} (1— h3)(1— t?) 5t1 
(0 (n1)! + hye (1 e tmn | are | fe Ex FF 


where ` " a?(1—h)? " a?(1—t)? 
-(1+h)}* ’ (ety o" 


*-— 


when by easy calculation 
: l= T (2n--1)! (1+h)(1+2) (6.2) 

9gíént5 ain 57, | (n 1)! (1— htnt © F 
Equating coefficient of (ht^ 


M a) rue NENNT DEIN 
(aP FP se CA MRA gant (n+ 1+A) Al {nl y N 


i -" 
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hence . - p doe =a) 
M N A! gen 
M = VINAI pnts f AY - ( 
(normalised) = 2 a (=) n lm i | Tae rite Y,(0, $), 6,8) 


where Y,(6, 9) is taken to be a normalised spherical harmonic. 


We can normalise the eigen-functions of. the homogeneous mtegral equation, for 


which similarly the value of 
an+ ( 


. willbe necessary; for it, we utilise again (5,7) and write 
E a eccenuD 
o -AHHAA T — De tee] 


š ] atl patil 3n*2 2 
= ] A g 


after easy integration x — (9nc1)l p 


T aH | (n+1)! mes hty"'3. (6,4) 


Equaling coefficient we have 


x 


PES perds (Qn+1+A)! 
(LPPyRSC 7 AGP RTG K 


The normalised eigen-functions of the homogeneous equation is 


OMM ua y EE e 35 


Mm On-F1-A)!/ (1+ r?et8 1+7? 


The completeness of the eigen-functions series will mean the equality 


Pua (a)W,(y) 
Kien S nir 
(multiple summations as there are repeated roots) leading to the rolation 


I 
(=x)? + (y =y)? + (e e P] [1 P] T + v2]? 


" 93N--dn-H3 axi (N n — 1)! i re pati p 
IN > mo NS (N -- n)! (1 + 73)8/9° (1 ri A 


m m n | , d 
Tean > OPP) C7) cos m(g- e?) PaPa), 








) 


and a to an expansion of 
N-—1 


ENS PEORES RUE SENE ee 2N gnyn tl n+l 1-7? DEM T 
n (v —2z^)*--(y— TRIES —g^y id > By =pl bad 








- 
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by a change of axis making (2' y’ 2’) on the s axis 


2 j ( — pa 1-77 pnt 
= JN On p^ r ntl Lo uM ONERE COLERE 
H5 4- AIT nz Orr’ u 2 MEN i + 5) Fu a1 ( T g? ) (1 -4 eI T12ee 


a| (N—-n-1)! 
AUS) | 





| (2n +1) Palja) (6,8) 


from the well-known addition theorem of P,(p). 
To verify the correctness of the result we note that 
2 2 


Itre- rru] -r° i-r Arr’ 
^ emen - 1 SET 3:39 üesypres 9 |. 


henee writing - 








1—1? T l-7? 
cog @ = 14; cos 0 = Tir z cy 
we have 1 E 2 - 
DS +r? rru — (1-72) -4:77)|1—0080cos60'— 8n 0 sin 8’ cosg] 
E 4 X sin Nx 
— 141+ 7) > siny ' ; (6,81) 
if 0/22 y> 0 from (5,1), and cos x = cos 0 cos Ó' + sin 0 sin 05cos $ ; hence 
N =] 
sin Ny .—. S20 eie ge? (N-a-1)l ] c 
gin (N +7) ! , 
X mep: 


x gin” 0 sin" 0’ Fu (cos 6). FX (cos 6’).P,(cos ¢), (8,9) 


a result which is a particular case of a general class of identity deduced by Gegenbauer 
(Whittaker, 1927), 
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FINITE STRIAN IN AELOTROPIC ELASTIC BODIES—] 


, By j 
B. R. SETH 


(Communicated by Proj. N. R. Sen) 


1 Introduction 


Aelotropic elastic bodies have been the subject of a number of recent papers by 
Taylor (1988), Green (1989, 1842)) and others.* The treatment in all of them is based on 
the small strain theory and a number of results have been obtained for aelotropic plates. 

The pressing needs of the present war have produced many aelotropic materials 
which can be deformed to such an extent without exceeding the elastic limits that the 
small strain theory cannot be applied to them. For such materials it is proposed to extend 
the theory of finite strain, which has been developed for isotropic bodies (Seth, 1935, 
1939A, 1989B, 1941; Shepperd and Seth, 1936), to some types of ‘crystalline aclotropic 
bodies. 
Even in the ease of finite strain the strain invariants are relatively small. For 
example, if I, I, I, are the first three invariants, it is seen (Murnaghan, 1987) that in 
the case of uniform hydrostatic pressure I, varies between —0.080 and -— 0.296, I, 
between 0.001 and 0.0169 and I, between —0.000001 and —0.00042. Moreover, the 
inclusion of the third degree terms in the potential energy function makes the equation 
involved very intricate even in the case of isotropic bodies, and only very simple cases 
Jike uniform tension and uniform hydrostatic pressure can be successfully dealt with. 
Hence, at the expense of some exactness, we shall assume the stress-strain relation to be 
linear. This assumption implies that, though the strain components are not very large, 
which 1s generally the case if we remain within the limits of elasticity, the deflections 
produced in the body by external forces are so large that in the expression for the strain 
components the squares and products of the deflections and their derivatives cannot be 
neglected. ‘The results thus obtained are not devoid of mterest, even though they may 
not have the accuracy obtained by including higher degree terms in the stress-strain 
relations. 

In what follows the co-ordinates used refer to the actual position of a point of the 
material in the strained condition. The components of strain are given by equations of 


the form (Seth, 1085) 


Qu 1! /du\? , (dv\?_ ./dw\? 
Sa Eid els) v) Heb 
Qv , Ow Ou Gu , Ov Gv on e| 
ee — porum — — d. — lI . ® 
7S S4 Oy Oy Oz ões Oy Gs (1.2) 


* In the papers by Taylor and Green references to the works of Mutchell,'Hokubo, Sen, Huber and 


others are given. 


~ 
- 
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In matrix form the stress-strain relation can be written as 


—— — Pom abt, ms laiia 
(zz, Yy, BB, YR, aP, zy) = Cii Cis Cis C14 C15 O16 (85, 8y; 83, Tyg O zz; Cay) 


(2) 


where Cy, = Car (T, 8 = 1,2, ..., 0). 


2. Cylinder under uniform tension 


The ends of a cylinder are subjected to a uniform stress T, the sides being free from 
any applied torce. The condition of the problem are met by assuming a state of strain 
given by 

u = a(1l—p)t+a,c+ bys, 
y(1—4)-* a8 + bsz, (8) 


ll 


v 
w = sg(l—rf)ra,z- bsy, 


pP, q, 7, a’s and b’s being all constants. The z-axis may be assumed to be parallel to the 
generators of the cylinder. 


For a rigid body displacement the strain components 8z, Cys, etc. all vanish. The 
displacement in such a case represents a rotation about an axis (Love, p. 69-70), and this 
can be expressed in terms of three unknown constants. In the expression for u, v, w 
given by (8) we need therefore have no more than six unknown constants. Accordingly 
we put b,, ba, b, all equal to zero. ` 


The strain components are given by 
4g = 4(1—p*—a,"), 8y = 4(1-g’?—a,*), 8s = 4(1—7 a"). (4.1) 
Cys = 040, Ore = Qal, Cay = p. (4.2) 
The stress-strain relations give 
C,T, = 1-p*-a,?, OT, = 1-g?—a,', O,,T, = 1—1!—a,, (4.8) 
^ C,,T, = 20.9, C,,T, = 20,7, CT; = 2a,p, (4.4) 


where T, = 9T/1I, II being the determinant given in (2), and the capital C's are the 
minors of the small c's in (2). 


* r 
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x” 


Putting l . 
i= a —C,T, = 1t2e,,T[ E5, 


d.-1-0,4T, = 1 *2o3,T/ E, 
t, Ed 1-047, = 1~2T/ Es, 
la = CAT, t= CssT,, d. = O4T,, 


and, eliminating all the unknown constants in (4.8) and (4.4), excepting p, we get 
` p l(t —4t,1,) - ptt? + tata? — tate” —4t,tats) + ts te — titate? = 0, | (5) 
which gives two values for p*, which being known, (4.8) and (4.4) give the vaiues of the 
remaining five constants. 

It appears, therefore, thab in an aelotropic cylinder au uniform tension T applied to 
its plane ends can produce shearing stress in it. Such is not the case when the cylinder 
is isotropic. . 

In the particular case when the cylinder possesses three orthogonal planes of — 
symmetry all Crs 8 excepting C,4; Css, Cg, and those for which 7,8 = 1,2,8, vanish. In 
such a case no shear is produced by a uniform tension. One root of (b) is now zero, and 
the other is given by 


pest,=1+ (5.1) 
- 33 —" 
The corresponding values of q and r are 
20,4 T oT 
3 = f, = 1+— 2, Pm ne ee E 
disi Bs, i LEE m (5.9) 


o’s and E's denoting the Poisson’s ratios and Young's modulii respectively. 
As is to be expected the displacements in the x and y directions are not the same as 
in the isotropic case. In fact we find 


d 2 
l—9p'. _ Os, _ Ciass — C33013 


2 r 
l—q Tyg C1g013 — C1133 





For Topaz, a rhombic erystal, we know (Love, pp. 168-64) that 
0,,—2870, 0c,,28000,. Csa =8580, c,,=900, c,,=1280, 
€,,77860, 0,,—1100, 0,,21880, c,,=1860, 
and we find o3,/o5, = 2.1. 
For Barytes we have i 
0,,7:800, 05,2907, Cys=1074, 054,275, c,,—9279, 0,472408, 
' 0,,72908, c,,—1922, 0447-288, 
and the corresponding value of e,,/0,, is 1.8. 


In the general case (5) gives two values of p°. We can show that both these values 
are positive, 


FINITE STRAIN IN AELOTROPIC HLASTIO BODIES 65 


m (5.1) and (5.2) we see that tı, ta t, are all positive. If we put t, — t, = 0, 
we ge i i ] 
G&G =t — 0, p — d, g? = ty, 


and 
41,1? = Ai, t, —t,7, 
Hence $ —— 
At. t, > t 
and similarly 
dtt, > t. 


From (5) wè now see that the product of the two values of p? is positive. If therefore one 
value is positive, the other must also be positive. 

Let the two values be represented by p,? and p,? and let p,? > Dj. We know 
(Love, p. 168) that some aelotropic materials like Pyrites expand slightly in a lateral 
direction when extended in the direction of a principal axis. In such cases p, should be 
used. In general it will be found that p, is to be taken. 

It should be mentioned that the small strain theory for aelotropic bodies does not 
and cannot give these two results simultaneously. From physical considerations we 
at once conclude that p, is greater than one and p, is less than one. 


~ 


8. Case of hydrostatic pressure 


Lot the uniform hydrostatic pressure be P, so that 


qp = yy BB = —-P, — ye = SX = gy = 0. 
For the displacements we can assume the same forms as given in (B), b,, ba b, 


being all zero. We have now. 
* 8 f 


8 g 
IIs, = E Cae Ils, Ta — P >, Cor, Ils, — — P > Csr; 
: i 


5 8 
Ilo, = —P 2 Es llo; Lm ze C ess T gy = — P p Con 
1 tf is 


Puttting T, = —2P/II and ; : 
l l (f= 1,2, 8) = 1-T, 3 Cn, 


8 
t, (r = 4, 5, 6) = X Ones 


we get the same equation as given in (5) to determine p. This again will have two roots, 
one greater than the other. 

When the materia! has three orthogonal planes of symmetry the shearing stress 
effect is absent, one value of p? is zero and the other is given hy 


ZEN 
D itu 3 Cin 


with simular expression for q? and 7°. 

In the case of aelotropic materials subjected to hydrostatic pressure the following 
points may be noticed: i 

(1) The constante m u, v, w are not the same as in the isotropic case. 

(2) Shearing stress may be produced in the material, 


0— 1061P—9 
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4. Rectangular plate bent by terminal couples 


_ We suppose that an initially plane rectangular plate is bent into the form of a 
circular cylinder with two edges as generators. Two faces of the plates get bent into 
right cylindrical surfaces of inner radius a and outer radius b and the other two into axial 
terminating planes given by 6= +a. The z-axis is taken as the axis of the cylinder. 


As in the isotropic case we assume the displacements to be given by 
uzg—f(rn, v= y—-Ad, w= ae, (6) 


A and « being constants. f(r) is a function of r = (a? + y2)3 only. These displacements 
give the strain components as 


(yet Att) Voi 
a 2 








eee 


z? pt 


/24,,2 a i 
(1-3 -4 7), &—a-ie (71) 


3o r r* 


Poco. ^ (13) 


Ome = 0, oy = O, ow = - (I = 


. We assume that the aelotropy is of the hexagonal or: rhombohedral type. A particular 
case of it is wheh the plate is transversely isotropic and the axis of symmetry is the axis 
of the cylinder. The stress-strain relations are given by 


zr = C11 8m + (04, — 2065) 8y + C585, | 

yy = (C11 7 20,,)8s + 0118y + 01585; | 

se = C1380 + Oy 58y + 03585; | (8k 
ys =0, ax 0, 

zy = Os. | 


Combined with the values of 85, oyz, etc. we get from these relations the stresses in polar 
co-ordinates as 


— i : A? A? 
"meses (2-f^-)- c (1-) + Cala $a*), (9.1) 
76 = 0, (9 2) 
— 1 ! A? : 
06 = ze (2-7 f*- 5) = Calli’) + e, bat (9.3) 
mm. z A? 

US T (2-7-5) + C(x — 307), (9 4) 
r£ — 0, 6:20. (9.5) 
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which gives 
d uc; 1^ «oes Cn) A’ 0 
ao Ue or 


from which -we have 


. 1 A 
heces (10) 


where l is a constant and e, = 2e4,/0,,. : 


To satisfy the boundary conditions over t= a and r= b we must have rr = 0 over 


both of them. Thus we geb " 
ic (2-—)- c (1-4) +e (a. — $023) = 0 (11.1) 
] 11 a 66 a? 13 , . 
[ A3 i 
ie. (27,5) s ew (15; ) + C13(a— Fa?) = 0. (11.2) 


Over the plane ends we have 


iu TA 
ICLLD [f rggdr = ~M,, (12) 
a 


a 


— 


where M, is the couple in the axial plane per unit are between 6 and 0 t d6. 


The first condition gives «=0 or a = 2. The latter value corresponds to the 
case of the cylinder turned upside down. The second condition gives 


/ 8~¢ 8— 

12-¢- b^ 0 nn Gg? 0 

i= -2| 1 ps —gs)— LATET e — |. 
On the straight edges 6 = +a we should have 

$ 


i TEM b m 
f 08 dr = 0, f r.00dr = M,. 
a a 


. The first is identically satisfied on account of (11). M, the moment per unit length, is 
given by 


~ B= sn)flog b loge eb ^ gni a9) 


M, = o | 0—0") ud 


(14) 


For an isotropic thin plate M,, M, reduce to the values given by Love (1927, p. 554). 


The accompanying table gives the values of 10*M,/a*c,, and 10*M,/a*c,, for varying 
values of c, and t= b/a. As is to be expected the couple to be applied to the straight 
edges increases with the thickness of the plate. 


From (18) it is obvious that as c, —0, M,— 0. Keeping C., as constant we see 
‘that M , remains finite. It should therefore be possible to bend such a plate ito a 
cylindrical shape by applying couples only in the straight edges. In such a case c,, is' 
much greater than Ces Some of the aelotropic specimens referred to in the Introduction 
belong to this class. i 


- 
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0 0 
0 0.1 0 0 
129| Lë 0 0.8 0.075 0.19 0.0 | 0.06 | 0.045 0 0 
18| 81 0 06 0.15 0.40 0.20 7 (90 — Ce | 0 0 
14] 32 0 14 0 85 0.89 0.45 | 046 | 0.98 0 0 
16 | 77 0 25 ^| 063 (| 1.68 0.84 0.85 | -0.63 0 0 
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P4 5 By 
E 5, N. Roy 
f (Communicated by Mr. S. Gupta— Received September 27, 1945) 


The problem oí evaluation and reduction of a class of multiple integrals arising out 
of certain recent work in mathematical statistics by the author and other persons 
(Roy, 1989, 1945; Fisher, 1939) offers some features of pure mathematical mterest. 
This problem was solved by. the author sometime ago and it is proposed in this paper 
io detach the solution from its statistical aspects , The principle underlying the solution 
is that the evaluation of the p-fold multiple integral is ultimately made to depend up^n 
that of a (p—1)-fold integral and so on and on until we reach one-fold integrals which 
can be immediately evaluated by the incomplete B-function tables. - 

The integrand is denoted by 


Nim, nac muri d gic Eri vs mg; ng; Zg: my; 1, 5; vj] (1) 
which stands for the determinant 


m, Mp- - mg m, 
Tp m.s ea a e a Tp 


(14 2)" (l+z,)"?7 (l+2,)" (i+a,)"! 








m m 1 Mg my 
y^, T poi aul — ET] To-i 
(14-2, ,)"* (1 tz.) dis (1-252). (1&2, )'1 i= 
m Ma. n m 
Ta P Ta 2-1 ae? ay! 
(l+a,)"" (1 ra)" (1-4 2g )'ts (1 2,)"1 
"n Mp i "m 
€] : vy 5 xy? ey 1 
(14c2,)* (+s, ya (L+a,)" (l+2, ))4 
The variables £i, Tas ...... , £p each goes from 0 to ce, and the 2p parameters 


(m, ove, Moy 4, ..., Mp) are subjeot.to the following restrictions 
Np Tu. füya > eus D Ne > Nn, > My > Mp, >- o >> my >l, 
and they differ by integers (with the added restriction that m,— m, = ni~ hy, where 


i> j) but might be otherwise non-integral. The class of integrals with which we are 
concerned fall into the following broad categories: 


x Typ 3 , P 
(i) J às, | OE TE J (or imi ng Smau Tiguri yai oe M al (1.1) 


(ii) fif” dE fA [mimi T ema iu; c, (1.2) 


Cyg Typs e 
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* 


ud) f im f m Jem fan f d3, zu do,Fím, np; tpi... m; n,; 2}. (1.8) 


J p-s 


The order of integration is from æ, —> £, > 2, >... zy in (i), zy > Zp.) 24  ... 9, ID 
(it), and in (itt) it is from Zp — ap_, — ... £&, on one side and z,  z, — ... z, on the other 
gide, 


Integrals (1.1), (1.2) and (1.8) which are all really functions of-X, can be conveniently 
denoted respectively by the following pseudo-determinantal expressions ; 


Mp, Ny Mazishi oaeoi M, ni || ) 
- My, Np Ti p—i: Ny -1 *€5»988999»498 wey Thy, ni | 
EE (1.4) 
| : 
My, Ny My iy) Remi 0 eee Tu, 7, | 
My, Ny Wig; 0 eee mi, hı | 
fil», np Myo) Nyy 8854544285534u89 Ti, "i | — 
F T, (1.5) 
My, Ny Hip fygcy arresteres m;, Ty 
f 
and . 
My, Thy To we 7 Rp eoenavaewrean MH, nN, 
F $ X; (my, Mp mg, fip, — m, n4) ; (1.6) 
My, Ny Mpi ng- £f *4*18559^ 34; ni | 


In this paper it is proposed to sketch in outline the evaluation (or reduction) of (1.4); 
The method is such that a student of mathematics will be :mmediately able to use if to 
- reduce (1 5) and (1.6) which need not thus be tackled seperately. 

Looking at (1), (1.4)-(1.0) one can easily see that each of (1.4).(1.0) would be zero 
i any two columns of the corresponding pseudo-determinant were the same, that is, 
if m; = m; and ny = ny, (i, 7 = 1, 2, ..., pand i Æ ĵ). Furthermore if say (1) and (1.4) are 
taken together it would be evident that the incomplete multiple integral (1.4) can be 


written as 
SatR(X; Mpi my; my, Wp; 62; mh, 94). (1.7) 


Here F(X; m'y, Wp m/j,, 1,243 ....; Pi A) stands for the multiple integral 


X m, Zp „IV py T m^ 
f Tp daz, 2 Had dre I i de, (1.8) 
n’ n’ we A n’ . 
o (temp)? o (Lm) o (1*2)! 
and where (Mp, n'y; m'y i, ny 5. erres ; m^, n) is any permutation of the p-pairs of 


quantities (my, ny; Mp1, 75 5,5 rees; m4, nj), the postive or the negative sign in (1,7) 


+ 
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'" being taken according as it is an even or odd permutation (just as in the case oi opening 
out a determinant). It is obvious that associated wilh (1.5) and (1.6) we should have 


expressions like 
F(m!y, n'y; m/s, nlg 45 coon ; m',, n^, X), 


and | (1.9) 
F(m!,, Mg; m'y. 1p. i.e. ; 4, 1.5 X1 Hl us ne vir m IY 
with obvious interpretation similar to that of (1.8). But we need not consider this 
seperately. It will do if we proceed with (1.4) directly. 
The reduction of Hs 4) depends upon the ^x simple mathematical auxiliaries : 
x "dz Q _ ey ] 5 : z"dz m (^ anda 
(a) Ss (I+ a)" PAA 7 sale Al) MET nda Ye i (tapi? 


1 ^» X" 1 x c"dzx OQ, m X dye Q. . (2) 


^ n-i (FX) n—1 NET a ae n-1 o Way, 
Here Q(z) is any function which conforms to the usual conditions of integrability and is 
zero for æ = 0. The result is easily derived by integration by parts. 

(b) Considering F(X; Mp, np; mg.,, ng; ...... ; M, ni), if we permute the pairs 
of parameters over the different places we can easily convince ourselves that 


LEAs Mp Np; Mpi Apar =; m, n'j) = frr; Ha, Dy), (2.1) 
> 


where X mea” 
F(X; me, ma) =f ade 
0 


(1 4 z)"* 
The mechanism by which the relation (2.1) is obtained can be easily visualised if we 
consider the cage of p = 2. Here 
F(X; Mg, ng; "s n)TF(X; m, n,; m, n4) 


= [ Lo wy dey f a dz, z f 2; dz, F ri? dz, 
(1+2,)"9 (1452)! o (Le)! ^ (l+ d) 
_ zz z" da Y og" dg 
(l4 a) o (102) 1 
With the auxiliaries (a) and (b) the reduction of (1.4) can now be proceeded with. 
It has been observed that the reduction of (1.4) depends upon the reduction of terms like 
those in (1.7). Now suppose that in any F(X; m'y, n’p; ...; m',, n',) the largest of fhe 


pairs is m’, and n’, equal respectively to mp and ny. Then using (a) we should have 
* e 
F(X; my, ny; Mpa, M pars 3 m^, 4) 


= F(X; my, 24). F(X; m,, n), 











1 ? a /, / 
=o o BUX ; m'y, n5; ...5 m'y y, Nort poly mu m, 5; S m. nj) 
p : 
+ E FIX; Mp n's; ...; Marn May mU, cu b my, Rab m1; uo; m^, ng 
Hp " 
ao FU Ig PI con rof af he Se he = 1S 
| J 2: ps pew $—15-:*'*2»2 841: : $+? 2 7 *¥p j 
p 


^e 


MU gangs Meiers s; má, n^. (8) 
The above relation will hold for s = p-1, p-2,...,9. 
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For 8 = p we should have a slightly different result: 
F(X} my, n55 Mp- |) pu; ec; mas ma) 
* 1 . f z 
zd caen F(X; mp, ng—1).F(X ; m'y, Np) mg s, ys; 3 m^, n^) 
f AN , 


1 


Rhy 





* 





F(X; m,tm'yS,, Mp t+ n'y—15 m'a, n/g 45; e3 Mau 14) 


Mp f 
" * n 1 F(X; my—1,ng—1; m'y, pmi) e m^, Vy), (3.1) 
p" í i 


where F,(X ; my, ny —1) stands for Rex. 
For s = 1 we should have 


F(X; m'y, ny; m'y, n/pg 5 =; My, Ny) 
-1 7A 








4^ 1 
= — n 175 m'y, n/p ; "PE m^, 4- ms, n. 0-1) 
p" 
m ° 
T n i F(X; TV s, ny; tsa} m/s, uk; «c3 085, n/a My — L, Ny— 1). (8.2) 
p" 


The left hand side of (8), (8.1) and (8.2) are all p-fold incomplete integrals, the first 
two terms on the right hand side of (8), the second term and the second factor of the 
first term on the right hand side of (8.1) are a!l (p—1)-fold incomplete integrals. The 
last terms on the right hand side of (3)-(8.2) are again p-fold incomplete integrals but 
with the largest pair (mp, np) reduced by 1 each to (m,—1, nj,—1). As a more 
convenient notation one can replace 


(i) F(X; Mp n'j; ...; Marit Mp, May pt ng-1; MEy R'a) 3 Mi n^) 
by € e 
F(X; m'y, nps ...5 m'a, "5,45; mp, npg-1; my, Memi ...5 m'a, Wy), . (8.8) 
«— € 
where m, is to be summed with ‘m’ on the left and n,—1 with ‘n’ on the left. 
(ti) PQX; my nQ,—1).F(X; Mpi n'g.,5 ...5 m^, n4) 
by r — 
F(X; mp, npg—l; m'y, Npa) oef m^, n). (B.4) 


(iti) F(X; Mp np. 5 1/4, Meri) m'a t mp, Mey ny l; Mag 1/5 53.5 m^, n) 
by — — 
F(X ; m'g, n'g; ...3 Masa Megas Mp p 15 mu m^; su mW), (8.5) 
— e — 
where my is to be summed with ‘m’ to the right and ny —1 with ‘n’ to the right. 


Using the results (8)-(8.2) and the notation just introduced we see that 


: | My, Np Hali. JU4yc—do serowa My, Ra | ) 
, my. Ny Hy -ys Nyy >= £6 db @ eo pee "m, Hi 
F1 X; 
worsen — à ll l *t*e**2**05353*5 ses eet ee reer ù zsebe *- 
Mg, Ny Moy. Nye ee Mis 1, 
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e << 
e € 





oO 


^ 
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: Til p—1; Ny 1 "avr aver uenne Nlis Hi 
Mp) Hp-—1 teru, ewe et TH 1; n, 
My] 3 Nyp~1 eetaceurnagnue mi ni 
‘ - : * 
Tap 1; Nyy "hn b s+, . My, Ny : 
| 
My- Pg mt eoeeaenan yatga USE "i 
| 
i 
zsesa utere > = 5 22ers EXE 2 * i 
Moy, Tm J eearteneeeree mi, "n, ; | 
Tisi, H1 ezto ^9*9*42v«22 Ws, ni 
Ts: Tp -1 **bt»on ent? Ta, LM 
(8.6) 
+ T .1; H»-1 esonte eunnanren My; ny 


where ın the second term on the right hand side of (8.6), O in the pseudo-determinant is 
adummy to denote that the corresponding term in the formal expansion is not to be 
considered at all. It is introduced to express the pseudo-determinant in a complete form. 


(8.6) can now be simplified thus: 


* 


<| < 
My, Ny I Tp ny) Hi Per sanoon 
e & 
Mp, V —1 Thi, Np- emcees 
FE X; p» "p D-1: '"p-1i 
s2* 3 *""»*999 e**9999 295 **:e6*9*25t 
e e 
To, ny—1 M 1; Ny} apeeesene 
Myo, Ny} My—g, hp—a 
= PX; My, np) F X; Reeves $ tn^ ee he wey *oseceo» 
Mys Nyy M pags Nya 


| figo My, npt ny 71 


Tu. T 
—F X; | dew, o p-1 
e#eseee 2 støtt 
To) d Tom] 


Moyogt My, y oot y —1 


spotr 3 *9*9529* 
Mpg , N p—s 


A 


Mis ni 

Mis ni 

deg E 

My, Thy 
senec WEG Thy 
borsesseoeees peop oee | 
T Mis n : 


eae My 1 ni 
eo aee y, Ste 
ane Mi ) Ny 


X ; 
Mpa 
a = > ^» €, nrz * * * + 
My 
My 
+F 3 Xi; 


b euctea 


My, + My, Np-ptNyp—1 


Mey 
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dig. a 


Hja 


Mygt Mp, npy-atnp>l a 


# 
(EE SE SE SE E] 3 "rv 
My-g 3. "pz 
Pipam » Tp-3 


seton } 


My, t My, ly Sb y 1 


(the last term being +ve or —ve according as p is odd or even) 


= F(X} mp, n).F 4 X3 


— F(X; Mpt My, np y+Np—1).F 4 X; 


t F(X; Mmg-at Mp, Mp ng—l).F 4 X; 


My~4) Typ omy T2; Nog nettere 
Li 

sasar yj +. wa "529596062 voparo [DENM 

Ty 1 They mj T2: Nya eeeeteca 


as W(X} Mp, Np). F 4X; 


. a L] , t a a oo à s @ * . + * . * 


l 


Top: Bp-i 


*»"*5betvteet tet 


My —2 5 ps 
Mp—ar np- 


Tipi: Np—y 


Mpi Tiy—, 


T pi, np- 


Hip s Tipi 


Mpg, Thy a 


Digg) Npa 


Myagi Nps 
Tibp-35 Top. 


Tos; Mpg 


Mpap pas 


Wy... Uyas 


*@eeeee 


eevee 


My, 


` 1 
F 
m, 
Ha. 3 
ts. a 
ven 3 


*s5a49**5* 


tateei 


*xee295 


ape pan 


ae reat 


ni 


1, + Mp, na Eg —] 


LJ 


ny 


-** 9929 


| 


mtm, n +Ny— 1 | 


| 
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+ 3 (—1)P F(X ; mgt my, Net n, — 1) 


$»p»1 
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Th, Ty -1 t. Matis Tk FSI Tai They EEEE] Mir "ni 
THp. Tip 21 e»t Tig, Naty TI. 1, heey opareee Hh, My 
xF} X; (8.7) 
| Mp- Tp pene. Marys Ta, Tay Tai presne Mi, My 
Similarly 
> > . 
My, Ny —1 TH e 1 Nyy sparado Mis Thy 
— — 
My, Nya l m n ee D 
A . p) "p per) ped ss oa 
r4 xX; 
— — " 
Mp, Ny —1 Mp1) np-i »*»2925 nmi, ny 
1 * 
= X (—1)28 F(X; mat mp, n, n, —1) 
fps) 
m2: Np oe M itis Nes Tii, Ney Steen mai, Zn | 
Ti; Np} sares + Mgs Nery M gamis Ti EEEE) mi, fi 
xF} X; (8.8) 
s- i . ° 223423219 oF @eastpeaetosvpave 2, *»9254654»925485* 55244999 *5245»5595 
| Tii. Tp -1 sorso Maris 7:1 M a1: Ng} TEXEEI TW, Ti 
Combining (3.7) and (8.8) we have now 
Ti y, ny Hs—1, He—i1 **99»99*9 95v mi, nı 
F A eevee — wh. S55 "*95*5599?5t* *"»*595»25955 *95»9*59 
| Mp, Ny Toi: Nyi *55259994 Mi; Ny J 
, M p—ys pm I ygs Tb pag LEE EEE Heis Ri 
1 i 
amam ——— PX ; Tis, ng—1,.F X3 *ee55€! trsa **5à35529582222 t4 ^£ tsss 
zx T pis T pmi M pms 7b pa ee RK EE TH, Ta 
2 z- 1 
+= X (U F(X; mit mp n,tn5—1) 
Hp—la-poi . : 
T e 
T p.i, py suu. a RE Maiti Neti T.i, n.i cs**o92540 M, n, 
xF A3 Pe ^  $e6€nueàbot —  — VAMF659548^9 se SOGeeeh setae eee eweee terae 
M p—is Tb p—; caskbe*u Mayis Niri Megs, He} eee eeenes M, 9i 
TH y E Tp 1 M 5—1: Non, wernt eaneneae My, LA 


akt Ev. ghbttt* 


erintett situa 


teretere 


ew aeeee eae gas 


ae 


esenrtea 


(4) 


mi, n 
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Proceeding along the reccursion chain suggested by (4) we should have 


( M ps np M ponia np- *59toetunt LET 7, 
F | Ml uesia ereen nan — - ARMS 
M p, ny TH, p —1) Tb pi ENNZENEZEE Ti, Thy i 
$ Hi pi, n p-y M p 7l p-s *»5*"»95452»2B28**9*t Thi, ny | 
EDEN WE EI iege ———— OIN — xen ^ a Q 
' | 
M p 1, p- Mpg) hymg e res T, Thy 
N pis go. 6. Magy, Mary TU Mey ee Im, Ty | 
1 
+ Po (—1)-7* F A1 *"-"9*9*9**-92»*9*" 8 eee T*?*9?*^*9t.9-9*- 908 — — w^" "9" #2 P3888 +e ÁÁ  D3 *" s2 R (4.1) 
m | 
M si, N yi ona Maris UTES Megis ng aaa M» nı 
where ' e m, ~m,- - 
Q = A im,Pr-1/n,—24 P7] F(X; mp —7 1, n, —r), (4.2). 
pul . 
and m,—m,.4 e 
R= 5 {m,Pr-1/n,—8+rP rh P(X ; myt m, —r 1, n, n, —r) (4.8) 
re] T3 i 


nP, being the pemutation of n things taken r at a time. 


A 


The reduction of the p-fold pseudo-determinant is thus thrown back on that of (p—1) 
and (p—2)-fold integrals and these again back on (p - 2) and (p —8)-iold and so on, until 
we get to one fold- integrals, that is, to functions of the type F(X; m,n) which are 
immediately evaluated from the incomplete B-function tables. 

The method indicated is such that in (1.4) we could have reduced (by successive 
integration by parts) any column to the one immediately following it and not merely the 
first column to the second. As soon as one column becomes equal to the consecutive 
one the pseudo-determinant, of course, becomes zero, which is really the secret of the 
reduction outlined. As pointed out earlier this method can be used (without any difficulty) 
by the student of mathematics to get exactly similar reductions for (1.5) and (1.6). 
Such reduction has actually been made by the author for statistical purposes but is 


hardly worth-while giving in full for the mathematical readers. 
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ON SOME INTEGRALS INVOLVING BESSEL FUNCTIONS 


By 
B. N. Boss 


(Communicated by Dr. S. C. Mitra—Heceived September 8, 1945) 


The object of the present note is to obtain certain integrals involving Béssel 
Functions. The method adopted is that of the Operational Calculus. It may be noted 
here that changes in the order of integration of the infinite integrals that are effected can 
be easily justified on account of the absolute convergence of the double integrals. 


1, A giver function h(t) is related symbolically to another function f(p), given by 
the Laplace transform 
f») = p f hdt, - O 
0 


where it is Assumed that the integral converges (Mellin, 1902). 
The relation between f(p) and h(t) may be denoted by 
fip) = hit). 


When f(p) is known, h(t) may be found back by means of the Bromwich: Wagner ‘Theorem 
(Bromwich, 1916) 








op: 
Mom. f erap. (2) 
nid E P 
' 2. We have (Watson, 1922, p. 425) 
Tees = EIE - Lak], BSO, a>0. 
Writing k — yp and multiplying both'sides by p, we get 
pd,(as)ds — m NA 
; fae 5 VP. Lh(aw p) (av p)]. (8) 
Since we have l 
Ep * oplet) 


by changing the order of integration of the double integral 


J,(as)ds | oxp{—(e?+p)t}dt, 
[1492s f 


0 


m + f Talan) expl — 2?t) da. 
0 0 


p 2? 


we get 


Noting that 


[exp(—stt) Jo(as)de = i exp( — a*/8t) .I, (a? /8t), 
0 : 
2—1651P—3 
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and 
, ] V (p). L.(a VP) = 0, 
we get, on interpretation of (8), ^ 


V(p).1y(a/p) = 
Again we have (Bose, 1944) 


Jeny,(a2)da — (—1)*m 

[ee = Captus 09 -Em 0]. 

Putting k = „y p and then on interpretation of the resulb as before, we geb after a bib of 
reduction 


oe 


TH sy exp(- a*/8t).1,(a* [8t). (4) 





eel 1,” a NE 1 2 
Isla p) = UF  oxpl—at/8t)-[In(0"/8t) ele ehe], O 


since it cari be easily seen that | 
tonsil p) = 0. 
We have proved before (Bose, 1044) 


1 
J P4(1—2y*)yyk] Hu (ky) — Lolky)]dy zx (—1)^ [Tons .(K) 7 Lanai (Kk) ]. 


Let us put k = yp and proceed’ ay as before. On interpretation and writing a for 
1/8t and y for y^, we get 





[ Pa - 2p ety = etse) o (6) 


Let us next consider the relation (Watson, 1922, p. 388) 


«/9 
: = ee | sex 6). sin'^*1 6d6.. (7 
Iw. (V p) Lansa P) SGT n 3d p exp( / p. COB ). sin ( ) 


Goldstein (1981) has proved that * 


t 
pra exp(— y p.r) + (=) ae exp(—1?/4t).Du—1 (735 





whence we have 


t, 


o 941 
] B .[2 1 cos 0 
peta exp( y p. cos 6) = (=) Gp exp(— cos *9/8t). Ds ( 55 735): 


-~ 


On interpretation of both sides of (7), we get, after some simplification and writing 
z = 1/{2¥ (2t)}; 
x/9 
Ds 2 D + Ante = — 1Py m. l'(2n4- ) 
f exp( z?cos*0). DA (22 cos 0) sint* +26 do ove ee Gn + ia 


0 
X exp( — z?) | I4(z*) + In41í*) ]. (8) 
Making use of the relation 


; anl4(s) = e [Ly (8) —In41(2)}, 
we get from (5) 


Polen P)—Tantaly PY] LOY oxp(- 1/86). [Iis (1/80) + 111/88]. 
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Giving to n the values 0, 1, ..., n —1in succession and adding and making use of (4), 
we got d 





RN ( 1)” V ae 19 
MV p. Ias( V p) "n V (ad) exp( 1/8t).I,(1/8¢). ©) 


Employing (9) and the relation 
p as gme 
(p+a)™*? " (m1) ' | 
in Goldstein’s result (1981) ° 


e(0g(t) a a f Of 
(0u Ha 


where e(p) = f(t), (p) + gf), 


and then making use of the result 


R(m+1)> 0, 


f sane exp( — pt?) di = ppt oi --—_-—- oxp(— a*[4p), (R(n) > ad when "e i, 
° à 
we get, after considerable simplification, 
eTL)y" (—1)^ y s.29. 5-12 
| ary tan 7 — T+) 


We now write 5?/ for a and y? for y in (10) and multiply both sides by pints me $b°).- 
Integrating with respect to b between the limits zero and infinity and changing 
the order of integration and making use of the result (Varma, 1987) 


674, (a > 0). (10) 








qn 
og A) qa = phciPT( +3) expla’) Domla), (n> 4), 
we get after some reductions 
, 2 2| T (y? 244-1 = (— 1)"I'(9n + ġja 
f wie 1)y?} In(y*) D... (2a)y?**1dy jJ 3. T Gn + Sai aF. (11) 
(n2 —i1;aisreal and] a | » 1). - ) 
We have the relation (Watson, 1922, p. 888) ue. j 
Tj2 P = 
f (e sin) Liz sin 6)} sino do = E, — , (11) 
0 NA 
whence writing y p for zc, we have l 
wf 
f Vp. {Tol y p.sind) — Loy p.sind)}sin 0 d8 = 1—exp(— y p). (12) 


On nc on and making use of the result 


* 


exp( — Vp) = (4 ) i, exp(—1/4t).D_, ( 7) 


and writing 1/806 = a*, we get 





x/9 
f exp( — ařsin’h).I (a?sin*0) sin 0d0 = 
0 


335. fv js). exp(—2a").D_,20)}. (18, 


wee 
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Again multiplying both sides of (11’) by æ and writing az for x, we get 
/23 
f az (I, (az sin 6) — Ly(az sin 6)} sin 8 do = 1-6-2, 
o ; 
Multiplying both sides by P4,(1—22z?) and integrating with respect to « between the limits 


zero and one, and making use of the results (Cooke, 1924) 


(1T (mn + 1)} 


2I'(m —n - 1)D'(m +n + Q)’ =U 


1 
f P (1-22) ida = 
0 


1 
J P,(1—227)e7** dz = In+1(4a)Kn+a(4a), 
s l 


we geb, on writing 2a for a, 
7/9 


. — » n 1 
fata sin 6) ~Laq4s(2a sa 8)jd6 = (71^ | .— 





» In44(a)En-eà(2) |. (14) 


0 
Writing a = y p, we deduce ior the above 


7/9 : " 
f SE CU — p{Lany1(2 4 p.sm 0) — Los (2 V p.sin oy Jao 
0 


-(- c ae) Pt CAP nea p) Kn tap) + In-4( PEs-4Q p), (27 0). 





(16) 
With the help of the result 


| f ans exp(—27t)da = a**!? exp( —a/2t).In+4(a/2t), 
0 
it can be easily shown that 


pln+y(v p)Ental V p) + F exp(—1/2t).In+4(1/2t). 
On interpretation of (15) and pe a-1/2t, we get 


7/9 zd 
I,(a gn*60) exp( —a sin zNGE (5) e-*{In+3(a)+In—-z(a)}, (m7 0) (16) 





0 
My best. thanks are due to Dr. 8. C. Mitra for his valuable guidance in the prepara- 


tion of the paper. 
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INFORMATION AND THE ACCURACY ATTAINABLE IN THE 
ESTIMATION OF STATISTICAL PARAMETERS 


By 


C. RapHakrisona Rao 
(Communicated by Mr. R C. Bose— Received Aug ust 28, 1046) i 
Introduction - à 


The earhest method of estimation of statistical parameters is the method of least 
squares due to Markoff, A set of observations whose expectations are linear functions 
of a number of unknown parameters being given, the problem which Markoff posed for 
solution is to find out a linear function of observations whose expectation is an assigned 
linear function of the unknown parameters and whose variance is a minimum. There 
is no assumption about the distribution of the observations except that each has a finite 
variance. . 

A significant advance in the theory of estimation is due to Fisher (1921) who 
introduced the concepts of consistency, efficiency and sufficiency of estimating functions 
and advocated the use of the maximum likelihood method. The principle accepts as 
the estimate of an unknown parameter 6, in a probability function ¢(6) of an assigned 
type, that function t(2,, ..., £n) of the sampled observations which makes the probability 
density a maximum. The validity of this principle arises froin the fact that out of a 
large ciass of unbiassed estimating functions following the normal distribution the function 
given by maximising the probability density has the least variance. Even when the 
distribution of tis nob narmal the property of minimum variance tends to hold as the 
size of the sample is increased. 

Taking the analogue of Markoff's set up Aitken (1941) proceeded to find a function 
t(z,, ..., Za) such that 


; [tO nda, = ĝ 


and . 
J Gari is minimum. 


Estimation by this method was possible only for a class of distribution functions whith 
admit sufficient statistics, Some simple conditions under which the maximum lhkelihbod 
provides an estimate accurately possessing the minimum variance, even though the 
sample is finite and the distribution of the estimating function 1s not normal, have 
emerged. v: ` 


, The object ot the paper is to derive certain inequality relations connecting the 
elements of the Information Matrix as defined by Fisher (1921) and the variances and 
covariances ot.the estimating functions. A class of distribution functions which admit 
estimation of parameters with the minimumi possible variance has been discussed. 


* 
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The concept of distance between populations cf a given type has been developed 
starting from a quadratic differential metric defining the element of length. 


Estimation by minimising variance 


Let the probability density $(2,, ..., Zn; 6) for a sample of n observations contain a 
parameter 0 which is t» be estimated by a function t = f(z,, ..., Zn) of the observations. 
This estimate may be considered to be the best, if with respect to any other function 
Uv, independent of 0, the probabilities satisfy the inequality 


P(0—A, «t «0*A,) & P(-A, LE LOHAN) (2.1) 


for all positive A, and A, in an interval (0, A). The choice of the interval may be fixed 
by other considerations depending on the frequency and magnitude of the departure of t 
from 6. If we replace the condition (2.1) by a less stringent one that (2.1) should be 
satisfied for all A we get as a necessary condition that 


E(t-0* 3 B06), | (2.2) 


where E stands for the mathematical expectation. We may further assume the property 
of unbiassedness of the estimating functions vis., H(t)=6, in which case the function t 
has to be determined subject to the conditions E(t) =0 and E(t—6)’ is minimum. 


As no simple solution existy satisfying the postulate (2.1) the inevitable arbitrariness 
of these postulates of unbiassedness and minimum variunce needs no emphasis. The 
only justification for selecting an estimate with minimum variance from a class of 
unbiassed estimates is that a necessary condition for (2.1) with the further requirement 
that E(t)=0 is ensured. The condition of unbiassedness is particularly defective in 
that many biassed estimates with amaler variances lose their claims as estimating 
functions when compared with unbiassed estimates with greater variances. There are, 
however, numerous examples where a slightly biassed estimate is preferred to an 
unbiassed estimate with & greater variance. Untill a unified solution of the problem of 
estimation is set forth we have to subject the estimating functions to a critical examina- 
tion as to ibs bias, variance and the frequency of a given amount of departure of the 
estimating function from the parameter before utilising 1t. 


Single parameter and the efficiency attainable 


Let ¢(z,,..., £n) be the probability density of the observations z,, £a, ..., Zn, and 
t(z,, ..., Za) be an unbiassed estimate of 0. Then 


f fto da, 5 b. (8.1) 


Differentiating with respect to 6 under the integral sign, we get 


f «fias = 1 (3.9). 


if the integral exists, which shows that the covariance of t and E x is umty. Sinee the 


» 
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square of the convariance of two variates is -— greater than the product of the variances 
of the variates we get using V and C for variance and covariance 





1 dg 1de|? 
vv ( = A 35) «[o( 225) | (B.3) 
which gives that : 
V(t) &1jl 
where 
= 1dg\ _ _ ad? log 
aiio nf dp | 69 


is the intrinsic accuracy defined by Fisher (1921). This shows that the variauce of any 
unbiassed estimate of 0 is greater than the inverse of I which is defined independently 
of any method of estimation. The assumption of the normality of the distribution 
function of the estimate is not necessary. 


If instead of 6 we are estimating f(0), a function of 0, then 


V(t) & POF. (3.5) 


If there exists a sufficient statistic T for 6 then the necessary and sufficient condition is 
that $(z; 6) the probability density of the sample observations satisfies the equality 


plz; 0) = DT, 0)j(z,, ..., tp), (8.6) 


where V does not involve 0 and ®(T, 6) ıs the probability density of T. If £is an unbiassed 
estimate of 0 then 


` = 
g 


= f ids f (DOT, 6)aT Oo ie (8.7) 


which shows that there exists a function f(T) of T, independent of 0 and is an unbiassed 
estimate of 0. Also 


[ 6-9 = f ftm onde, + fü - etr, ja = [tfm - esc, a7, (8.8) 


which shows that f , 

V[f(T)] * Vit) (8.9) 
and hence we get the result that if a sufficient statistic and an unbiassed estimate exsist 
for 8, then the best unbiassed estimate of 0 is an explicit funclion of the sufficient 
statistic. It usually happens that instead of 6, a certain function of 0 can be estimated 
by this method fcr a function of 6 may admit an unbiassed estimate. 


It also follows that if T is a sufficient statistic for 6 and E(T) = f(0), then there exists 
no other statistic whose expectation is f(0) with the property that its variance is smaller 
than that of T. 


It has been shown by Koopman (1986) that under certain conditions, the distribution 
function $(z, 0) admitting a sufficient statistic-can be expressed as 


ple, 6) = exp (8,X, +8, +X3), (8.10) 
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where X, and X, are functions of z,, 23, ..., 2, only and ©, and O, are functions of 0 only. 
Making use of the relation 





fox (6,X, - 9, +X nda; = 1, i (8.11: 
we get | - de d38 
E(X Y "ue. and V(X,) = To (8.12) 


as the parameter to be estimated we get the minimum variance 





de 
f m 2 
If we choose i8, 


attainable is by (8.5) 


H d9, MEI d'9, de,V _ _ d'O, 


d$ de, dO, dé do ^ ns p 





dQ, 

8i 
(8.10), there exists a function of the observations which has the mazimum precision as an 
estimate of a function of 0. 


Hence X, is the best unbiassed estimate of — Thus for the distributiona of the type 





Case of several parameters 


Let 0,, Ôa, .... 0; be q unknown parameters occuring in the probability density 
$(2,, ..., 24; Ors Og, ..., Og) and t,, 1,, ..., t; beq functions independent of 6,, 94, ..., Og 
such that 


x faji on de = 6. (4.1) 


‘Differentiating under the integral sign with respeet to 0; and 6;, we get, if the following 
integrals exist, 


fo fu Sade, = ], | (4.2) 


and 

e[fu9tsde-0 —- 4.4 

J J ‘a0, (4.4) 

Defining 

B| -5- E. = Iy, (4.4) 
and E(t- 6; 4 = V, (4.5) 
we get the result that the matrix of the determinant 

Va OU ae A x © 


0 Lu eos Iq eae Lie 


(4.6): 
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being the dispersion matrix of the stochastic variates t; and LE (| = 1,2, ..., q) is posi- 
j 


tive definite or semi-definite. If we assume that there is no linear relationship 
of the type . 


3 M s =0 i (4.7) 
among the variables ; B (i = 1, 2, ..., q) then the matrix Il Ij i|, which is known as the 
formation matrix due to 0,, 0,, ..., 99, is positive definite in which case there exists a 
matrix ij If j inverse to i Ig lt. From (4.6) we derive that 

20 Ya-I8 0 | (4.8) 


which shows that minimum vanance attainable for the estimating.function of 6; when 
0,, 0,, .., 05 are not known is I“, the element in the i-th row and the i-th column of the 
matric || I7 || inverse to the information matriz | Ig. 
The equality is attained when 
` 4-6) = uyl 90 
ti — 6, SLUT 96; (4.9) 
We can obtain a generalisation of (4.8) by considering the dispersion matrix of 


Ld uad s ee (r 2 1, 2, ..., 9) 


Fu wes pus 1 0 aoe 0) " ue 

Vi pes Vs 0 1 Tr 0 ur Q 

Vax ia Pu 0 0 he t he 0 (4.10) 
0 I li Ii lg 

0 va 0 I, Ig; Ia xs Ing 


This being positive definite or semi-definite we get the result that the determinant 


& 


| V4,—17| => 0, r, 8 = 1, 2, ..., 1) (4.11) 


fori=1,2,...,q. The above inequality is evidently independent of the order of the 
elements so that, in particular, we get that the determinant 


Va-I8, Vy—I8 


^ 


zm, — (4.19) 








VaI, Vy- 


which gives the result that if Va = I*, so that maximum precision is attainable for the 
estimation of 6;, then V;; = I9 for (j = 1, 2, ..., q). 
In the case of the normal distribution 


g(x; m, o) = const. exp-$í[X(e—mP/[o], — (4,18) 
3—1851P—3 
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we have - 
i Lun = n]o? " Inc = 0, loo = 2n]a*. (4.14) 


Since the mean of observations (z,-- 24-- ... - 24)/n is the best unbiassed estimate of 
the parameter m and the maximum precision is attainable vis., Vaan = I*"^, it follows that 
any unbiassed estimate of the parameter c is uncorrelated with the mean of observations for 
Ving 17720. Thusin the case of the univariate normal distribution any function 
of the observations whose expectation is a function of c and independent of m is. 
uncorrelated with the mean of the observations. This can be extended to the case of 
multivariate normal populations where any unbiasséd estimates of the variances and 
covariances are uncorrelated with the means of the observations for the several variates. 


If there exists no functional relationships among the estimating functions t,, ts, ..., ty 
then | V7 || the mverse of the matrix || Vil exists in which case.we get that the 
determinant 

5 | Ve—T,,|, (r, 8 = 1, 2, i) =. (4.18) 


18 greater than or equal to zero for i = 1, 2, ..., q, which is analogous to (4.11). 


Tf a sufficient set of statistics T,, Fa ... p exist for 0,. Âa, ..., 0, then we can show as 
in the case of a single parameter that the best estimating functions of the parameters 
or functions of parameters are explicit functions of the sufficient seb of statistics. 


— (1986) has shown ihat under some conditions the distribution function 


$ (Zis Lg, ..., £a; 0, Og, ..., Og) admitting a set ef statistics a Ta ..., Tg sufficient for 
A Pn. ..., 04 can be expressed in the form 
9 = exp (0,X, 4 6,X,4- et OgXgt+O+X) (4.16) 


where X’s are independent of 6’s and @’s are RRROpendone of z's. Making use of the 
relation 





f iesi, (4.17) 
we get f 
_ 38 
i E(X;) m 88, 
ret Sye ar re A 
E V(X) = ..o'8 " . (4.18) 
S 302? . Es 
JE Svga E a eae 7 
Ay) = Ae 
cov (XX) = 5058, 


E 
è pe 
a 


This being the maximum precision available we- get that for this class of distribution `- 
laws there exist functions of observations which are the best. possible. estimales of 
functions of parameters. a 


` t , i 
m m > ^ 


- 


- 


Loss of Information’ ^ 


CAE fy, Sees bg, the estimates ot 85. 02.5.3 185 have the joint duibulión Qt, ta cons 
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tes Ox, 8g) +++) Ou) then the information matrix on 6,, Oa) ..., Ôg due bo ty, ty, s ty is- 
| F, |! where 


..8? log ® log ® ar 
= E 5.1 
Ses, > uA 1 L 
The equality 
TG 0 0 Ias UgeFy)t Fy’ > (0.2) 
l m , 109 _., 10 
effects a partition of the covariance between " AA, arid 3 86; ag ' within and Boissons ihe 
í 
regions formed by the intersection of the surfaces for constant values of ti, ba, ..., bg. 
Hence we get that the matrices l : 
0Ig—Pg and Ii Py il (5.8) 


which may ve defined as the dispersion matrices of the quantities ^ G= 1,2, .., q) 
i 
within and between the meshes formed by the surfaces of constant values of t,, ta, =., tg, 
is positive definite or semidefinite. This may be considered as a generalisation of 
Fisher's inequality lj; = Fi in the case of a single parameter. 
- If ly = Fa, then it follows that ly = Fi for all; for otherwise the determinant 


- - 


«0. " (5.4) 


Igj—-Fa Ig—Fg 








= Iy-Fy Iy-Fy 
If in the’determinant __ | E 


ET | Iy—Fy |, (i, 7 = 1, 2, .., q), (5.5) 


^ 
* 


tha’ zero rows: and columns are omitted, the resulting determinant will be positive and ' 
less than the determinant obtained by omitting the corresponding rows and columns in 
| Iy l. If we represent the resulting determinants by dashes, we may define the loss 
of information i in using the statistics t,, t3, ..., t, as 


Me-Fejldgh 070 | 7 


H ® is T joint distribution of t,, js ^, tg the estimates of 06,,6,,..., Og with the 
dispersion matrix | Vy |l then we have the relations analogous to (4. 11) and (4. 15) 
fonnecting the elements of I Vy ll and: || Fy i defined’ above. Proceeding as before 
we get that the determinants | 


- M^ -— ~ 


f ^ 


| V,,- F"* | and | F,—V**|, (5,8 = 1,9, .. , i), © ET 
_are greater than or equal to zero for all i 21,2, ...,q l 
The population space 


- Tet tho distribution of a certain number of characters in a JBopulition be 
characterised by the probability differential 


plg, Oy, Odo, o 000— (6.1) 
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The quantities 6,, 6,, ..., 0, are called population parameters. Given the functional form 
in z's as in (0.1) which determines the type of the distribution function, we can gonerate 
different populations by varying 6,, 8, ..., Og. If these quantities are represented in a 
space of q dimensions, then a population may be identified by a point in this space which 
may be defined as the population space (P.S). 

Let 6,, fas ..., 0, and 0,-- d0,, 0,-- dôa, ..., 0g +0 be two contiguous points in (P.S). 
At any assigned value of the characters of the populations corresponding to these 
contiguous points, the prooabihty densities differ by 


de(0,, Oa, ..., 89) (6.2) 


retaining only first order differentials. It is a matter of importance to consider the 
relative discrepancy d$/$ rather than the actual discrepancy. The distribution of this 
quantity over the z's summarises the consequences of replacing 6,, 93, ..., Og by 0,-- d8,, 
wey Og+d6,. The variance of this distribution or the expectation of the square of this 
relative discrepancy comes out as the positive definite quadratic differential form 


ds? = X gydd, (6.8) 
whero 
1 9$ 
= ff ASi 8.4 
Jig (28) 95) (6.4) 


Since the quadratic form is invariant for transformations in (P.8) it follows that 
gi; form the components of a covariant tensor of the second order and is also symmetric 
for gy = ga by definition. This quadratic differetial form with ite fundamental tensor 
as the elements of the Information matrix may be used as a suitable measure of 
' divergence between two populations defined by two contiguous points. The properties 
of (P.8) may be studied with this as the quadratic differential metric defining the element 
of length. The space based on such a metric is called the Riemanian space and the 
geometry associated with this is the Riemanian geometry with its definitions of 
distances and angies. ) 


c The diatance between two populations 


If two populations are represented oy two points A and B in (P.S) then we can find 
the distance between A and B by integrating along a geodesic using the element of length 
da? = XX gud6,d6;. | (p 
Ti the equations to the geodesic are 
6, = ft), . (7.2) 
where 1 is a parameter, then the functions f, are derivable from the sef of differential 
equations 
| Sygn A + 3y Lil. k] Ld a a (7.8) 
where [jl, kj is the Christoffel symbol defined by 


T pl al Om a Som. 89 2 
[ji kl = a[ See + Soe + 290], 04 
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The estimation of distance, however, presents some difficulty. If the two samples 
from two populations are large then the vest estimate of distance can be found by 
substituting the maximum likelihood estimates of the parameters in the above expression 
for distance. In the case of small samples we can get fhe fiducial limits only in a limited 
number ol cases. 


We apply the metric (7.1) to find the distance between two normal populations 
defined by (m,, o,) and (Mma, ca} the distribution being of the type 








| 1 24 -my . 
$(z, m, c) e= y Ono) exp. t BED " (7.5) 
The quantities gą defined above have the values 
‘ $y = 1/0, Ju 0, Ja = 2/07, (7.6) 
80 that the element of length is obtained from 
dm)? | 2 
ds? = 2 (doy. ! 
8 3 + zal o) (7.7) 
If m, Æ m, and c, Æ e, then the distance comes out 28 
tan 6,/2 
Dap = y2 log 2ta A 7.8 
E Enn 
where | f 
0, = sin le;/B and B = o,7+ [(m,— m,?—2(c,—o,)]/8(m,—m;*. ^" (7.9) 
If m, = m, and r, oy, 
Dap = V2 log (c/o). l (7.10) 
If m, $ m, ande, =S, 
Dap = E, (7.11) 
V 


Distance in, tests of significance and classification 


The necessity for the introduction of a suitable measure of distance between two 
populations arises when the position of a population with respect to an assigned set of 
characteristics of a given population or with respect to a number of populations has to be 
studied. ‘Ihe first problem leads to tesis of significance and the second to the problem of 
classification. ` Thus if the assigned values of parameters which define some charac- 
teristics in a population are 8, &,, ..., 6, represented by the point O, and the true values 
are 6,, Ôa, ..., Ôg represented by the point 4, then we can define the divergence from the 
assigned seis of parameters by Dao, the distance defined before in the (P.S), The testing 
of the hypothesis : 


Qm 6, (1,2, .... ql, (8.1) 
may be made equivalent to the test for the sigrifieance of the estimated distance D4o on 


the large sample assumption If Dag = Worn ...5 0g; 0,, ..., 05) and the maximum likeli- 
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A A A , 
hood estimates of 6,, 0,, .... Ôg are 6,, 9, ..., Oq, then the estimate of Dao is given by 


— 


A A A m~n 
Dio = WiO —— Og; fis 2 0o). (8.2) 


The covariances between the maximum likelihood estimates being given by the 
elementa of the information matrix, we can calculate the large sample approximation 
to the variance of the estimate of D46 by the following formula 


A AA 
V(Dan) = Op Oy f 8.8 
` (Dag) = 33 86, “Ab; cov (9,6,) (8.8) 
We can substitute the maximum likelihood estimates of 0,, Oz ..., 64, in the 


expression for variance. The statistic 


A 
. EE. NE (8.4) 
[V (Dio) j? 
can be used as a normal variate with zero mean and unib variance to test the hypothesis 
(8.1). ; 
If the hypothesis 18 that two populations hàve the same set of parameters then the 
statistic ] : 
w = Pe _ p (8.5) 
- [V(Dap) ] 
where D AB is the estimate of the distance between two populations defined by two points A 
and B in (P.8) can be used as (8.4). The expression for variance has to be calculated 
by the usual large sample assumption. 


-If the sample is small the appropriate test will be to find out a suitable region in the 
sample space which affords the greatest average power over the surfaces in the (P.S) | 
defined by constant values of distances. ‘The appropriate methods for this purpose are 
under consideration and will be dealt with in a future communication. 


The estimated distances can also be used in the problem of classification, It usually 
becomes necessary to know whether a certain population is closer to one of a number of 
given populations when it is known that popu'ations are all different from one another. 
In this case the distances among the populations taken two by two settle the question. 
We take that population whose distance from a given population is significantly the least 
as the one closest to the given population. 


This general concept of distance between two statistical populations (as different 
from tests of significance) was first developed by Prof. P.C. Mahalanobis. The generalised 
distance defined by him (Mahalanobis, 1986) has become a powerful tool in biological 
and anthropological research. A perfectly general measure of divergence has been 
developed by Bhattacharya (1942) who defines the distance between populations as the 
angular distance between two points representing the populations on a unit sphere. If 
fi; Ts, ».., 7, are the proportions in a population consisting of k classes then the popula- 
tion can be represented by a point with coordinates ymi, Ym, ..., / v; on a unit sphere 
ina space of k dimensions. If two populations have-the proportions m,, ma ..., mg and 


é 
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m^ ms, ..., m! the points representing them have the co-ordinates Vri, Viar. VTE 
and 4m, fm’, ..., Jm. The distance between them is given by 
eos"! ( (mm) + V (irana) +... + V (reef. B (8.6) 


If the populations are continuous with prooability densities $(z) and (a) the distance 
18 given by 


cog"! í i {o()y{x) | da. . : (8.7) 


The representation of a population as a point on a unit sphere as given by 
Bhattacharya (1942) throws the quadratic differential metric (7.1) in an interesting light. 
By changing 6,, 6,, ..., 0; the parameters occuring in the probability density, the points 
representing the corresponding populations describe a surface on the unit sphere. It 1s 
easy to verify that the element of length ds connecting: two points corresponding to 
61, Og) ..., Og and 6,+46,, ..., 04-- d6, on this is given by 


ds? = 3(dg)?/¢ = XX gyd6d0,, (8.8) 


where gi; are the same as the elements of the quadratic differential metric defined in (7.1). 
Further aspects of the problems of distance will be dealt with in an extensive paper 
to be published shortly. 


STATISTICAL TuAROBATORY, 
_ CaLcurra. 
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ON THE RELATION BETWEEN CERTAIN TYPES OF 
TACTICAL CONFIGURATIONS 


By 
H. K. Nano 


(Communicated by Mr. R. C. Bose—Received September 27, 1946). 


If v elements are arranged in b sets of k elements each such that each element 
occurs in just r sets and any pair of elements occurs in just A of the sets, then the 
arrangement is a (v, b, r, k, A) configuration (well known in statistics as a balanced 
incomplete block design). More than one arrangement or solution for the samo 
configuration may exist and in that case two solutions which can be identified by setting 
up a correspondence between the elements and sets of ons with those of the other are 
called isomorphic. 


2. When v=b and consequently r=k, the arrangement will be called a symmetrical 
configuration (v, v,7,7,A). By suppressing an assigned set and all the treatments 
contained in it from a symmetrical configuration, we obtain a (v—k, v—1, 7, r—A, A) 
configuration called a ‘residual’ configuration. Again if from the symmetrical configura- 
tion one assigned set is suppressed and in the remaining sets only the elements of the 
. assigned seb are retained, we obtain a (k, v—1,r~1, A, A—1) configuration called the 
‘derived’ configuration. The processes of obtaining a ‘residual’ and a ‘derived ’ 
configuration are known as ‘ residuation ' and ‘ derivation’ respectively (Ayyangar, 1948). 
Sometimes we are given the residual and the derivative and we have to build up the 
parent symmetrical configuration by suitable combination of the sets of the former two 
configurations with the addition of a new set containing all the elements of the derivative 
—this process will be called ‘ integration ’. 

3.- Unlike derivation and residuation, integration is not always possible. The 
arrangement given for the (16, 24, 9, 6, 3) configuration by K. N. Bhattacharya (1943) 
and any arrangement for the (9, 24, 8, 8, 2) configuration cannot be integrated to yield 
a solution for the (25, 25,9,9,8) symmetrical configuration. Moreover, from a single 
solution of a symmetrical contiguration, we may obtain more than one non-isomorphic 
residuals or derivatives. Again we can integrate one residual and one derived configura- 
tion to yield more than one non-isomorphic solution for the parent symmetrical configura- 
tion (Nandi, 1948 and 1944). 

For all symmetrical configurations with X= 2, there is a unique derivative {k, 
k(k —1)/2, k —1, 2, 1} consisting of all possible pairs of k elements. ln this case given 
any residual configuration, integration if possible is unique in the sense that we cannot 
obtain more than one non-isomorphie solution for the symmetrical configuration. 

To Bee this let k = 2n+1 and denote the elements of the derivative by a,, Gas ..., 045,,. 
Suppose integration 18 possible. Then the following n sets 


(a), iat (050,1 (Gar Ag) ets ; (in-i A») 
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are adjoined uniquely to suitably chosen sets of the residual configurations. Next 2n ` 
sets 


(41, 045541) 5 (Gg, 02541); cover 3 (Gans Genes) 


are also adjoined uniquely. The remaining sets are finally adjoined also in à unique 
manner. 


When k is even, the argument is similar. 


A, We will now consider, in particular, the integration of the two configurations 
(15, 21, 7, 5, 2) and (7, 21, 6, 2, 1) yielding the symmetrical one (22, 22, 7, 7, 2). The 
solution for the symmetrical is known to be non-existent (Hussain, 1944), Hence if it is 
shown that in this case integration is possible except in & few cases where the residual is . 
easily shown to be non-existent, then the residual also can have no solution. 


To see this denote the fifteen elements of the residual configuration under study by 
the natural numbers 1, 2, 8, ..., 15. Let one set of the configuration contain the . five 
elements 1, 2, B, 4, 5. Then out of the twenty remaining sets it is easy to see (Nandi, 
1944) that ten sets will contain a pair of the above five elements and ten other sets will 
contain one element each, every one of 1, 2, 8, 4, 5 being repeated twice. Thus we get 
the pattern : l 


(1, 2, 8, 4, 5); (1, 2); (1, 3); (1, 4); (1, 5; (2, 3); (2, 4); (2, 5); (B, 4); 
(8, 5); (4, 6); (0); (1); (2); (2); (8); (8; 4; 45 ©; ©); 


each bracket represents a set. Let us name the sets in the following order Ay, A,, Ag, .. 
Ai, B,, By, ..., Bio. The set A, will be called the initial set, the sets A,, Aa, ..., A, each 
of which has two elements in common with the initial set will be called the sets of the 
first kind and the remaining ten sets B,, Bas ..., Bio sets of the second kind. ' 


Now the following property of the residual configuration exists: There are just three 
sets ol the first kind which have one element in common with each other and two 
elements in common with any assigned set of the first kind. 


If we consider four sets A,, A,, As, A, then one pair of these must have two 
elements in commen, otherwise the number of elements in the configuration will exceed 
fifteen. -By a proper renaming of the elements it is possible to make A,, A, have two 
elements common. Then completing the set A, with new elements 6, 7, 8, we consider 
the allocation of the new elements in the other sets, two such ways of allocating the same 
element which can be made identical by a renaming of the elements being isomorphic 
will be regarded as the same. 


There are two such ways of placing 6 such that it occurs in both A, and A, giving 
us the patterns: 

[x]: (1, 2, 8, 4, 5); (1, 2, 6, 7, 8); (1, 8, 6); (1, 4); (1, 5); (2,8); (2, 4, 6); (2, 5); 

(8, 4); (8, 5); (4, 5; (D; (0; (25; (3; 8, 9; (8; (4,0); (4), (5, 6); (5, 6). 

[8]: (1,2, 8,4, 5); (,2,6,7,8, (1,8, 6); (1,4); (1,5); @, 8); (2, 4); (2, 5); 

(8, 4); (8, 5); (4, 5, 0; (D; (0; (2, 6; (2); (8, 6; (8); (4, 6); (4); (5, 6); (5). 

“In both of the above cases enumeration of the possibilities of plaemg 7 and 8 reveals 
4—1651P—8 
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that there are just three sets of the first kind having two common elements with A. 
A step further with enumeration and it is found that except in a few cases where the 
configuration does not have any solution, the above three sets have one element in 
common with one another. Since A, ik any assigned set of the first kind, the above 
property generally holds. 

The derived configuration (7, 21, 6, 2, 1) consists of all possible pairs of 7 elements 
denoted by 16, 17, ..., 22. 

To the initial set let us adjoin the pair (16, 17) and to the sel A, the pair (18, 19). 
Since we can find three sets of the first kind which have two elements in common with 
A,, suppose A, A, A, are the chosen sets and we adjoin to these three pairs formed 
out of 20, 21, 22, say, in the order (20, 21); (21, 22); (20, 22). Again considering the set 
A, we must have the set A, and two other sets A,’, A,’ which have two elements in 
common with 4,' and we adjoin pairs (18, 22) and (19, 22) consistent with the previous 
ones.in some order to A, and A,’ respectively—which fails in s few cases which are 
enumerated and found not to yield any solution. Repeating the process we find that 
integration is possible except in a few cases where no solution is obtained. 

Hence the residual configuration (15, 21, 7, 5, 2) has got no solution. 
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SHOWER PRODUCTION BY MESONS IN COSMIC RADIATION 


"By 
B. K. CHAKRABARTY 


(Receiwed September 80, 1945) 


The rapid development of the phenomena connected with cosmic radiation, both 
from the theoretical and experimental side makes it now possible to study the nature 
and properties of the fundamental particles with a higher degree of precision than has 
been so far possible. The nature of the two groups of particles vis., the electron group 
and the proton group are more or less well known. The difficulty arises, however, in 
respect of the meson group, which can be considered as the latest addition to the group 
of elementary particies. Since its first postulation by Yukawa, purely from the theoretical 
standpoint, various attempts have been made to study its nature and properties. 
Yukawa’s theory, however, requires that this particle, which at the present time, is 
called meson, should have a rest mass of approximately 180 times the electron mass. 
Unfortunately it has not yet been possible to know definitely from observations what is 
the exact mass of the meson. Nor has it yet been established that all mesons have 
identical rest mass. Another difficulty about the nature of the mesons relates to its 
spin and satistics. Even from the theoretical considerations it has not as yet been 
possible to say what would be the spin of the meson, or even whether the meson has a 
unique spin,. Various modifications of the meson theory have been made in order to 
explain the observed phenomena. On the other hand results of observations connected 
with the shower generations by mesons and also the origin of meson lead to diverging 
conclusions, and several authors are inclined to believe that cosmic ray mesons are 
different from the Yukawa particles, Such a possibility cannot, however, be discarded 
and we shall have to depend on the results of future observations and theory to decide 
over the issue. Hamilton, Heitler and Peng (1948) have tried to show that cosmic 
ray mesons and those postulated in the theory of nuclear forces are identical particles. 
Following Mgller and Rosenfeld they have assumed that both the vector and the 
pseudoscalar mesons exist in the cosmic radiation. Moreover it has been assumed that 
only pseudoscalar mesons are found at sea level and that the vector mesons have a 
much smaller life time which consequently decays practically at the point where they 
are created, and the decay products are responsible for the observed absorption curves 
recorded by Millikan and others in the high atmosphere. 


A critical study of the different properties of the meson, mentioned above, parti- 
cularly the nature of its spin and statistics can be made by comparing the results of 
observation connected with the shower generation by mesons, with those predicted from 
the theory. It is now believed that the majority of the soft component of the cosmic 
rays available in the low atmosphere are produced by mesons although a portion of- these 
soft particles is also associated with Atiger showers (A-showers). From the theoretical 
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standpoint we know that electrons and positrons can be produced by mesons: according 
to the following processes. 

(1) The meson may produce a very fast secondary electron by direct collision which 
will subsequently produce a shower by cascade multiplications. This will be denoted in 
the present paper as B-shower. (2) The meson may radiate a high energy quantum 
which subsequently produces the shower. ‘This will be denoted as C-shower. (8) The 
meson decays and the decay products, which contain electrons, multiply according to 
the cascade process. This will be denoted as D-shower. Bhabha (1938) and later on 
Bhabha, Carmichael and Chou (1989) worked out theoretically the nature of the 
B-showers. Ib is evident that these results depend critically on the results of the 
cascade theory of showers, and hence the inaccuracies in the results of the cascade theory 
naturally affected the results obtained by the authors mentioned above. A better 
treatment was not possible without improving the results of the cascade theory, a serious 


— «defect in which was the practically total neglect of the effect of ionisation loss in the 


cascade process, as developed by the previous authors. Bhaoha and the present author 
(Bhabha and Chakarbarty, 1942 and 1948) have developed the cascade theory quite 
accurately both from the mathematical and physical standpoint. These results can now 
be used for an accurate estimate of the shower intensity. The cross-sections for the 
different processes mentioned above depends eritically on- the spin of the meson and it 
is possible that a proper study of the shower phenomena will give definite indications 
regarding the nature of the meson spin. All the different observations of the showers 
produced by mesons can be roughly divided into two classes, viz., (i) observations: made 
in & Wilson chamber which usually give the average number of shower particles, (ti) . 
observations made with Geiger-Muller counters or ionization chambers, which usually 
give the probability of getting exactly. a given number of particles or that of getting 
more than a given number of particles. Observations made by Lovell (1089), Seren 
(1942), Hazen (1943) ete., falls in class (i) whereas those made by Schein and Gill 
(1989) falls in class (i). Christy and Kusaka (1941) worked out theoretically the 
probabilities for the production of large bursts by mesons with a view to the determination 
of the meson spin. But their calculations are defective for various reasons, and .I have 
shown in another paper* (Chakrabarty, 1942) that iheir conclusions cannot be maintained. 
There Ihave only considered the probability for large bursts, and consequently the effect 
of the process (1) mentioned above, vis., the knock-on process, was completely ignored, 
since in the region under consideration in I, the knock-on process produces an insignificant 
contribution as compared to the radiation process.. This has also been shown there 
roughly from a general consideration. Itis the purpose of the present paper to study 
small showers, and consequently a region in which the effect of the knock-on process 
predominates. In the last section the shower generation by the decay process has also 
been discussed. Bo that the present paper and the previous one (Chakrabarly, 1942) give 
a more or less complete theory of the showcr generations by mesons, through all the 
different processes hitherto known in quantum mechanics. In addition to the showers 
of soft particles there is, however, a possibility of the formation of meson showers, and 


- 


* "To be denoted henceforth as I. 
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this has been actually observed by various authors. But its probability will be very 
small as compared to the electron showers produced by mesons, and so will be completely 
ignored in the present paper. Some authors suggest also the possibility of the ocourence 
of double knock-on showers or even triple knock on showers. Such an assumption will, 
however, make the interpretation of the results of observation difficult. We shall not 
take into consideration in the present paper the possibility of such processes. 


A meson in its passage through matter will produce secondary electrons or photons 
which will then multiply according to the cascade theory, and these shower paréicles 
will come out associated with the parent meson. The differential effective cross-section 
Q(W, E,)dE,, for the production by a meson of energy W of a secondary electron or a 
quantum having energies between E, and #,+dE,, which ultimately produces the 
B-showers or C-showers, taking different spins and magnetic moments have been given 
by various authors (cf. Chakrabarty, 1942), Since we are concerned with highly. energetic 
mesons, we can take W 2» Mo’, where M is the mass s of the meson. With this approxima- 
tion we have, for the knock-on process, 


() Spin 0, magnetic moment 0, 


- QUU, EdE, = 2nr,2morZ E -— | x | (1a) 
(i) Spin i, magnetic moment — — 3M i . : 
E, 1 Ej ]dE 
Q,(W, E,dE, emp Rd js (ib 
( ° E 2 Wl F; 


(it) Spin 1, magnetic moment or . 











B. 1 RB. 1mE, E 1 E, dE : 
0 Ed = 2m? | 7E. S = s. bo iam NS ] ioci.) 
Q (Ww, dH, = dnr mo’ |1 MES W? tc 8 Moi 1 E. T à ; ES (1c) 


where r,76*!/ mc? and Ko is the maximum energy which can be EE fo an 
electron in a free collision, and 1s given by 


Em = W[1+M%o2/(2mW)]~. . (2) 


Similarly the expression for Q(W, E dE, for the radiation process are given by the 
following equations, 


(t) Spin 0, magnetic moment 9, 
Q.V, E dE, = WET muy (z=) ) Pog 2W(W-E,) 1 J 











187 ` “Men, (8a) 
when the screening of the atomic: nuclei i is neglected, and 
10 Zr,’ à M,_,\(W-E,\ dE, 
Q,(V, Ejd E, = 3° 187 (m/M) log ( 187. =Z ) ( EL ) "m | (Bb) 


i 
when the screening is complete, J jw 
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The expressions for case of spin 4 and 1 are given in I. Since we shall not use 
them explicitly in the present paper, we do not include them here. It may be mentioned 
here that the emission of photons by mesons takes place at much smaller distances from 
the centre of nucleus than the emission of photons by electrons. Consequently, in the 
theory of the radiation processes of mesons the screening of the nuclear field by the 
outer electrons can be neglected toa greater extent than in the corresponding theory 
of electrons. The results of the analysis given in I, show this behaviour. For conve- 
nience in calculations we shall, however, take into consideration the form given by (8b) 
instead of (8a). The results of the present analysis will show that for the region under 
consideration in the present paper the radiation process produces a small contribution 
as compared to that of the knock-on process. A consideration of (8b) in place of (3a) 
will, however, give a slightly higher probability than is actually the case, but this will 
certainly give a correct estimate of the order of its contribution in the different cases 
considered in the present paper. It may also be noted that the influence of the spin 
on the collision probability of mesons manifest itself only for very close collisions. The 
theoretical predictions depend essentially on the hypothesis that the electro-magnetic 
field of meson can be described in the ordinary way even at distances smaller than 
107? cms., from the centre of the meson itself. Bo far this hypothesis lacks any experi- 
mental support, although some theoretical justification for it can be found in Oppenheimer’s 
arguments (Oppenheimer, Serber and Snyder, 1940; Oppenheimer, 1941). At any 
rate the validity of the formulae expressing the probabilities of large energy transfers 
from mesons to electrons cannot yet be considered as established. ) 

Let us first calculate the average number of electrons and positrons which accompany 
the passage of a meson of energy FY and which are due either to the knock-on process and 
the ensuing cascade (B-showers), or to the radiation process and the ensuing cascade 
(C-showers). Ifn(W, t) be the average number of soft particles produced by a meson 
of energy W in traversing a thickness ¢ (in characteristic units) of material, then we 
have 


t 
n(W, t) = lo f QUY, E,) dE, f N(E,, t)dv (4) 
0 0 


where N(E,, t), is the average number of electrons and positrons in a cascade shower 
produced by a particle or quantum of energy E, in traversing a thickness 1’ of the 
material. e will be taken as E.m and W, for the B-showers and C-showers respectively. 
o represents the number of atoms per cubic centimeter of the substance. 

From the results of the cascade theory (Bhabha and Chakrabarty, 1942), we have 


Ji gun ee ee TD 
MB sof Cay) aT ee op (oat) (5 


where Ag; Ms, go(8) etc., are all functions of s and have been defined previously. Bo that 
usiog (5) in (4) we have after some simplifications, 


Deke ())]-* D- A À f1—exp(—2,4) 
n(W, t) lo. ci rÍ. Tue) uc "s Af RM e(W, 8) da, (6) 





e 
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where 


e(W, 8) = f Q(W, E(E,]Br? dE, —— (7) 
J m 


where c is any real number greater than 2. 

The values of Q(W, E,) are given by equations (1) or (8) according as the B or the 
C-showers are taken into considerations. Using equations (1), (8), (6), (7), we have 
after some simplifications, the following expressions for the average number of soft 
particles, produced by a meson of energy W, in traversing a thickness ¢ of the material, 
depending on the spin of the meson, via., 
| n9(W, t) = A{L,(t)—L, (tf, (8a) 
n2 (W, t) = n9(W, t) +44(Eom/ W)*Ls(0, (8b) 


P 





nl(W, t) = n9(W, t)+44| gas WyL, +m om [r.t- L, t) GS WA), (Bc) 


where n9, n nl represent the average numbers in B-showers, for a meson of spin 0, $ 
and 1 respectively, and 





L = i; f lh expi(s —9) ym}. (o, 01] ds, (9a) 
02 (oo 
L,(t) = zi f n" exp{(3—2) ym} (8, t) -— da, (9b) 
Lum mf erp ed We, 0 a, (80) 
orio 
Lit) = gf expiie- Dual dos 8) -L ds, (84) 
and E 1 D-—2A, 
v(a, t) = {9,(8)} E 8—1 ne Y = a- exp A at), (9e) 
where 
Ym = log (Eom/8) and A = 2ar,7loZ(mc?/B). (10) 


Proceeding in a similar way for the C-showers, we have in the case of spin 0 and 
complete screening, 


l +t 1 
no, t) = A f v, expla - Duis, Oo ds (11) 
where 
= log (W/B) and A! = 1 T (m|M lo log (187 = Z m. (12) 


It can now be easily seen that for a given value of W in all the different cases n(W, t) 
gradually increases and after a sufficiently large value of t it attains its asymptotic value 
obtained by making t->oo, in the above equations, This maximum value of n(W, 1) is 
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defined as the average number of soft particles in equilibrium with the meson. The ` 
layer of a material of thickness equal to or greater than the value of t for which n(W, t) 
practically attains its maximum value has been defined previously as an ‘infinitely thick" 
layer (Bhabha, 1988). The integrals occurring in (9) and (11) can be easily calculated 
by the saddle-point method and we oan geb the values of n(W, t) for different values 
of W and t and for different spins of the meson. For the purpose of comparing with 
the results of. observation and also with the previous theoretical estimates made by 
Bhabha, the values of n(W, t) whea í—oco, have been worked out and the results have 
been*given in Table I. The values of n(W,t) for other values of t, can be similarly 
calculated. These calculations are no doubt straight forward but tedious. The ealeula- 
tions have been made for the case of Pb, but any other material can be similarly taken 
into consideration. As in I we have taken M-I77m and for Pb, A=5°133x107?; 
Á! —9'850 x 107*. 


TABLE { 


The avərage number of soft particles accompanying a meson, below an infinitely thick 
layer ot Pb. , 











uo | 5 6 7 8 9 10 11 
Yn | 3.899 4.050 6.232 7.678 8.667 9.949 11.00 
no .02481 .07263 .1199 l .2166 2506 
nt 02440 078185. 1216 1860 2221 2877 
n! 02440 07829 1992 l 2018 2728 41.00 
n? 3.801 x 107* | 1.059 x 1073 | 3.049 x107? | 7.849 x 107*| 2.187 x107*| 6831x10-*| 1681 
niB) 190 84 





The last row in the table gives the values obtained by Bhabha, assuming that the 
meson has a spin of half a unit, and has a mass of about 100 times that of the electron. 
Table I shows that for low energy mesons and even up to an energy of 10° e.v. the 
average number is practically independent of the meson spin. If therefore a test is to 
be made as to the nature of the meson spin, by a measurement of the average number, one 
has to exclude all mesons having energies less than, say, 10!! e.v. when the material 
used is Pb. Butin this region the contribution of the C-showers are comparable to 
that of the B-showers, and as the energy of the meson increases the contribution of the 
C-showers outweighs that oi the B-showers. Hazen (1048) has shown that the average 
number of soft particles in equilibrium with a meson under a layer of Pb is about 
7°5+0°6 per cent. This result when compared with those given in Tabic I suggest that 
the mean energy of the meson at the level where the observations ware made is of the 
order of Be*(— 2°5 x 19° e.v.), or slightly higher, as in fact is otherwise known. Seren 
(1042), however, has obtained a slightly higher value, via., about 10 per cent. Similar 
experiments in which only those mesons, having energies greater than a definite” value 
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are allowed to pass through the Wilson chamber, can give regulis, which when compared 
with those given in Table 1, will give a good estimate of the energy spectra of the mesons. 
As there exists a certain amount of ambigiity about the nature of the energy spectra 
of the meson, we do not integrate the average number n(W, t) over the spectra of the 
incident meson, This however, can be easily. done whenever required. 

Let us next consider the probability of getting more than N particles either in a 
B-shower or a C-shower, produced by & meson of given energy, in traversing an infinitely 
thick layer of the material. Following Bhabha and Heitler (1037) we assume that the 
fluctuation obeys the Poisson law. The calculations of Scott and Uhlenbeck: (1842) 
show that in the actual cosmic ray problem, the fluctuations are much smaller than 
that deduced from the Furry model and that the Poisson distribution approaches reality. 
It has been shown in I that the probability P(N>, W) of a meson of energy W, emerging 
accompanied by a shower containing more than N particles from an infinitely thick 
layer of a substance is given by ^ 


PN», W) = lo f QW, Be) op (92s, (18) 
0 


where N—s+1 , 1/2 
T (2)N m ia ds, | (14) 


1 
sa eae ™ 4. a FOLE) a+ IP 


in which Nm represents the maximum number ‘of particles produced at a depth tm by 
an electron of energy É.exp y, according to the cascade process. c is any real number 
greater than zero but less than (N+1). The values of Jy, (Yo) for different values cf y, 
and N ean be-obtained by evaluating the integral in (14) by the saddle-point method. 
Some such values of Jy (y,) together: with the values of $$ which determine the 
saddle-point is given in Table II. It appears that for a given y, when N 2» Nm, the 
saddle-point lies in the neighbourhood of Nm and Jy, (yo) tends to zero, but when 
N & Nm, 2, lies in the neighbourhood of (N +1) and but is always less than (N -- 1) and 
Jy (Yo) in that case is finite and. for a fixed N, its value gradually increases with yp. 

The values of Jx,(y.) for two extreme cases vis., when N ® N,, and again when 
N & Nm can be obtained-analytically from (14).* 


We have 
Tay (y) = 821: L x. , exp eade E 
sv B'2115 exp o(,) vasi (15) 
where ple) = log I'(s)-- (N—s--1) log Na—log T(N +1)—8 log (N — s 4 1). (16) 


Consequently when N ® Nm we have 24 = Np so that 9//(2,). = Nm provided Na > 1, 
. 80 that from (15) we get, 


: IN) Np N NH 1 
Jus (o) = B 215 "TUN + 1(N-N,r1)98 Iz Nm): 
i es 8/218, (eNm/ N) SH oxp( Nm —1)/N. (17) 


"5A Similar calculation is also posible for Julya) defined in I. Bhabha pointed ‘oat this to me i ing 
private communication, 


5—1551P—3 
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T - - Taste II 


The values of Jxp(yo) for different values of N and Yo 





a Zo |1586 19986 2275 9470 2'590 669 2°794 D 
Ja»(g.) |1473 SI T80 187 1562 1985 2812 — 
8| 2,  |9C00 3698 89119 3 888 9044 — 89'640 — 8704 . 8750 
Ju> (yo). | 8207 $81 7004 10906 1485 1968 — 9250 — 908 
5| so | 2570 $756 4 756 5-995 5'465 — 65008; 5674 5728 
Juy (ya | 1784 2191 5953 9828 1981 — 1T00 — 2148 — 9584 
10} s 8:180 5'870 8435 9830 10% 5 10:00 1062 1069 
` Ju> (yo) |6988x10-* t091 ~4°280 8'150 1,99 ^ 16°99 19°88 9374 
60| so T 81°85 4823 49':90 65086 5054 
~~! Tes (o) a ed 4'688x10-* 0'598 11°04 . 1582  -19'62 





using Biirling's approximation for the l'lunetion. -Bo that in this case Jy, (yo) tends 

to zero 

-On the other hand when-N,, œ N, we have easily fia ao g, = N+1-—8, where - 
= 1'5 log (Nm/N + 1) and $^) £3]1'587? 


(TH 1— - E 








rd Ji (Yo) ~ 331 In DOT 1) 888 | (B18?) 
. 253821. ANS { Bog Nw ¥ " 


But 


l N+1 
NT = | 15 LU ox n log IT 
BOSE log Nm —log N41 


and log Nm & y, and tn Yo when Nm go N and hence yo œ 1. We thus have 
Jay (19) © 1:07.94 e"*(2 log Ny [mJ 


xs 1'07(95)-1y,e*5 = 8:88g,. (18) 
When the values of J,,(y,) given in Table II are plotted against y, it appears that = 
except in the immediate neighbourhood of yy i.e., the value of y, for which Nm=N, 
the curve is very well represented by a straight line the slope of which is given by the 
asmyptotic value Jy, (y,), We can therefore with a high order of accuracy, take 


Jy, (Yo) = 8'88y;—a(N) P (19) 


where a(N) ia independent-of y, bui depends on N. When y,« yx, we can, according 
to (17) take Jy, (yo) ^40. For different values of N, the values offys can be easily 


r 


- 
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calculated. The values of a(N) also can be easily calculated from the results given in 
Table IL. In Table III the values of a(N) thus obtained for some given N have been 
given. 


TaBLE LIT 
Values of Yx and a(N) for different values of N a“ 





We can therefore take J4,(y,) occurring in (18) its value as given by (19) provided 
the lower limit of the y,-integration be taken as yy or a,/3°83, whichever is larger. 
These values have also been given in Table IH. The terms within brackets represent 
the values of a(N)/8:88 and not of yy. 

Substituting the different values of Q(W, E,)dE, as given by (1) and (8) and that 
of Jy,(y,) as given by (19) in (18) we have after simplifications the following values for 
the probabilities P(N,, W) depending on the meson spin and also on the nature of the 
shower. For B- showers we have, 


PO(N,, W) = A[(8:88(y. + i) -a(N)jexv(— yx) — {(8°88 — a(N}) (Ym+ 1) 
4 1-915(y,—ys) +4 (N)ydexp(— Yml, (200) 


Pi(N,, W) = P9(N,, W)-- A.dexp(— 2u) [8° 88(ys — 1) - a(N)]exp Ym 
— (8:88(y, —1)— eh Yu], (20b) 


m 


PiN,, W) = PUN,, W) +3 (PX(N,, W) — (4, , W)] 
+A, $m /B4)(8/Mo*)[ {1915 (ya — ya) - a(N)(ym — yx) - 8°83(Ym— 1) + a(N)} 
+ exp(yu— Ym) ) {3°83 (yx— 1) —a(N ) 
*iexp(- 2u)((1 916. Iyn —1-—a(N))exp(2ys) — (1:915.29«—1-—a(N))exp(2y4)]], (800) 


where P9, pi and Pl represent the values of P(N,, W) for the B-showers and for 
meson spins 0, $ and 1 units respectively. 
For the case of C-showers and for spin 0 we have, 
P9(N,, W) = A'[fL'Ol5(u, + yx) —a(N)} (uo — x) — (8:88(u, —1) — a(N)j ; 
: -(8:88(y,—1)-a(N)jexp(ya—w.)]. ^ (21) 


The values P(N,, W) given by the above equations have been calculated for some 
different valuos of N viz., 2, 10, and 60 and also for some different values of u, and are 
‘given in Table IV. The dependence of P(N,, W) on the nature of the material comes 
through A, A’ and Ym. We have taken -the -case of Pb for our ealculations Dut similar 
calculations can be made also in the case of any other material. The figures in the 
"Table. show that for- N=2,-the dependence of P(N,, W) on the meson spin is very small, 
but this increases for a given N as t, increases and also increases for a given u, us N 


2 - 
-Y 
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'TABLE IV 


The values of P(N, , W) x 10? in Pb for different values of N and u, `- 





2 PAN.,W) | 2510 6668 8762 9'640 — 10'01 1017 . 1026 
: PUN> W)|9510 6770 8'849 % 9601 1004 1018 1095 
PINa, W) | 2606 67882 9'049 10°07 10°60 1097 - 11 98 

PINy, W) | '0906 . 1980 ‘8288 "5002. "7097 9569 — 1941 

10 p 1'2284IüIü01 9:894 2973 8239 8308 8498 
pi 1:308 9460 8'015 — 89261 89878 8490 

| Pl 1:817 9576 8'270 Boll 89984 4'289 

p "0046 — 1945 -B819 "5069. "T196  — -9699 

60 p :2053 "4768 6844 7196 "7617 

pi 2488 ‘5076 6519  — “7279 "7668 

p 2772 6365 = 9085) — 1142 1'861 

P) 0622 ‘1585 0044 4678 *6809 





increases. The incident energy spectra of mesons has not yet been quantitatively 
ascertained, but it is more or less established that it roughly varies as some negative 
power of W. Consequently if P(N,, W) be integrated over the incident meson spectra, 
the final result will depend almost entirely on the values of P(N,, W) corresponding to 
the smaller values of u,. This shows that if N be small then the spin effect will not 
be appreciable, unless the low energy mesons, say up to 10" e.v., be sorted out from 
the incident mesons. The effect of the C-showers is practically negligible in comparison 
with those of the B-showers, when N is small, but the relative contribution gradually 
increases 88 N increases. That this will occur was shown in I from general considera- 
tions. The dependence of P(N,, W) on the nature of the production process is also 
evident from Table IV. Ib shows that for any given value of N the value of P,/P, 
increases as U, increases and again for a given u, this increases as N increases, a feature 
which is also otherwise evident. It thus appears that for small showers the effect of the 
B-showers predominates whereas for large burst the C-showers give the entire | 


contribution to PIN,, W). The only source of uncertainty in the above calculations $e 


is the nature of the fluctuations. Unless the actual form for the- fluctuation differs 
considerably from a Poisson’s distribution, the results given in Tables II and IV can be 
considered as fairly accurate. The approximation made by (19) is very good for smaller 
values of N. But as N increases the difference between the exact value and approximate 
value increases. For the calculations of large bursts where the O-showers predominate 
` this approximation is not necessary and we hava shown in (I) how the exact expression 
for Ja (yo) given by (14) can be taken into the calculations. i 
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Let us now consider the formation of D-showers. It has been observed from the 
measurements of the variation of cosmic ray intensity with altitude that the number of 
cosmic ray mesons is more strongly reduced by a layer of air than by a dense absorber 
equivalent to the air layer with regard to the ionization loss. Such anomalous 
absorption is interpreted on the hypothesis that mesons are unstable and has a 
short life period. The nature of the decay products will, however, depend on the 
spin of the meson, Consequently if the meson decays into an electron, this electron, 
while moving further, will produce cascades and we shall get the D-showers. Hamilton, 
Heitler and Peng (1948) postulates. that the primary protons have an extremely 
- short range, the majority of the mesons which are produced by protons are thus produced 
in a thin layer of the atmosphere. -The vector mesons decay almost immediately and 
only the pseudoscalar mesons travel through the atmosphere. The vector mesons thus 
ultimately produce the D-showers in the high atmosphere, and are responsible for the 
observed absorption curves of Milikan, Neher and Pickering (1942). A study of the 
D-showers may therefore determine the nature of the primary cosmic rays. If the 
D-showers can explain the above curves, then it may be possible to discard the hypothesis 
that the primary cosmic rays contain also electrons. In that case the only charged ` 
component in the primary will be protons, and this protons will through different 
processes produce the A, B, C and D-showers. Experimenta} evidences are now more 
in favour of a single primary charged component, vig., protons, but the results cannot 
as yot claim to be sufficiently accurate in order to make a definite conclusion on the 
matter. 

The probability that a meson of momentum p decays in the layer between t, and 
t,+dt, is given by b/pt,, where b= Mlt,/r, and 7, is the life period of the meson at rest 
and i, is the sea level depth in radiation units below the top of the atmosphere. In 
another paper* I have shown that ifn,(W, t) be the average number of soft particles 
produced in a D-shower by a meson of energy W ata tales t! below the meson producing 
layer then 





SP, t) we (15525) a — qn 


xj. MZ axis] a PET exp( —A4U)ds (28) 


Á 
where a = 8 = 1'08 x 10° e.v., and «is the depth below the top ‘of the meson producing 


layer in the atmosphere. The values of n» have been calculated for some different 
values of W and t/ and also for two different values of a vis., x=1 and a=2. 


The results obtained there show that the rate of rise in the ionization belore the 
maximum is reached is more rapid and at the same time after the maximum the rate 
of decrease in ionization is slower, if ib be a D-shower than if it be an ordinary cascade 
shower produced by a soft particle having the same energy as that of the meson 
producing the D-showers. Both these features possibly give better fit with the results 
of observation. The observational data at present available are not very accurate 


* To be shortly published. ` 
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(cf. : Chakrabarty, 1948) and as such are quite insufficient for making any definite 

: conclusion on these points. : 
.  lt&'íhus appears that a proper id of the showers produced both in the atmosphere 
and also in heavjer elements will give definite indications about the nature and properties 
of meson, and also the nature of the primary cosmic rays. It will then also be possible 
to say definitely, how the mesons available in cosmic radiation are related to the mesons 
postulated in the nuclear theories. 


„ALIBAG OBSERVATORY, > s 
ALIBAG, BOMBAY. ue 
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- ON THE CONSTRUCTION OF AFF INE DIFFERENCE SETS -~ 
| By : l 
R. C. Boss AND 8. CHOWLA 
(Received September 18, 1945) 


Introduction. James Singer - (£938) by using the Finite Projective Geometry 
PG(2, p”), proved the following theorem of the theory òf numbers: Given an integer 
` 8 = 2 of the form p" (p being a prime) we can find s +1 integers 


d,, d,, dy, ..., d; - (Ad: 
such that among the s(s-- 1) differences | i 
| d-d; (i90, 1,9, a; ide f) (1.2) 
reduced modulo a 11841, the integers 1, 2, 8, gi +8 occur exaotly once. | 


One of the authors R. C. Bose (1942), » bro using the Finite Affine Geometry BGC, p?) 
proved the following analouge of Binger's theorem: 
Given an integer 8 > 2 of the form p”(p being a-prime) we can find s integers. 


Wade (1.8) 
` such that among the s(8—1) differences 
 d;-d, (iij 1,2, S, er i ej 0 (14) 


reduced modulo s*—1, all the positive inegers less than 8* —1 and not divisible by a: = Suet 
occur exactly once. - 

The set (1.1) possessing ‘the property T in Binger's theorem may be called a 
Projective Difference Set. In contrast the set (1.8) possessing the property ‘envisaged in 
Bose's analouge of Singer’s theorem, may be called an Affine Difference Set: The -object 
of this paper is to obtain a quick method of constructing an Affine Difference Set, for the 
special case when 8 is a prime. 


- 2 Lemma I. If z*+ar+b=0, is the irrodudiblo equation satisfied by the 
primitive element x of GF(p*), a and -b belonging to GF(p), then. z9*! =b, and b is a 
primitive root of GF(p). 


Proof. Since 2 — x?-is an automorphism of GF'(p*)}, we must have 


l , l a?” +. gPaP +b? = 0. (2.1) 
But a? = a, bP = b, Hence Am - à 
í zP +aP+b=0 (2.2) 
which shows that the other root of (2.1) is 2?. Hence py e UR Um — 3 
2.2? = b, 


or E qp b. (2.8) 
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Now all the non-null elements of GF(p) are given by 
get), q—0,12,.,p-l 2. à). 
"ELS (0+ -N = (aP, |^ 7 (a.b) 


Hence b°, b', b*, ..., b?-* are all the non-null elements of GF(p) which shows that 
b is a primitive element of GF(p). 


since 


COROLLARY (1). a*is an element of GF(p) if and only tf 


0. ' s t=0 (mod p+1). i (2.8) 


3. Theorem I. If 224 az4b-0 is the irreducible equation satisfied by a primitive 
element « of GF(p*), a and b belonging to GF(p), and if f, = O and fa, fas ..., fp are 
defined by 


fiver == iE (mod p), m = l, 2, ...ș p-1, i (8.1) 
m 


then fu fas «++, fp are all incongruent (mod p). 


Every element ot GF(p*) 18 uniquely expressible in the form he+k viue `h and 
k belong to GF(p). Let 


quU = hz+k, hz, k #0. E 
Then . - , 
qt! — he? 4 kg = h(—az-—b)-- ke zs (k—ahjz—bh = h*g -+ k* (8.8) 
where : 
h* = k —ah, k* == —- bh, (8.4) . 
If therefore we have a2 
qu haz + km, m = L1. 2, 95 D (8.5) 


then h, = 1, k, = 0, and 
"TEST : hau = ks aha, i _ ms 
UNE. | (8.6) 
ks. — bhm. i i P 
l Now ha X 0 for m = 1, 2, ..., p, since the vanishing of hy, would : mean that z"is an 
element of GF(p), contrary to the faot (cf. Corollary (1)) that e, z*, ,.., z? do not belong 
to GF(p). 
‘Let us set : - l 
; fm = lh, (8.7) 
which gives f,=0. Clearly fm belongs to GF(p). We shall show that fis fas ...,.f are 
all different. ; , 


If possible let f; = fj, lei jp. Then 


ky dh 
h hy” "T 
Let hy = chy, where o sh 0 is an element of GF(p). Then k; = ck, Now 
qj =a hye +: ky, a = hye + ki, 
(8.9) 


SAC ote ¢ 
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which ıs absurd since 1 j-i<p. Now from (8.6) and (8.7), 


b- / 
fm = 
Wg i à —fm 
z^ 





which proves the theorem. " 

CoRroLLARY (2. If GF(p)is extended by the adjunction of the symbol co, then the 
iriply transitive group G of degree p+1 and order p(p* —1) given by the ‘linear fractional 
transformations ` 





gh = ci (mod p) 


contains a cyclic subgroup of degree and order p +1, generated by 


where 2*+ax+b=0 is the irreducible eqution satisfied by the primitive element z of 
GP(p). 
Proof : cP cs hpæ+ kp, 
b = gPt! = hæ? + kpe 
= h(a —b)+ kpe 
= (Ks —ah,)a — blip, 


hy = —1, E, = 4, 





p 
b : l : 
= o T C 
toe: a—fy Li 
x 
E. =0=f 
pta a lexi i 


Thus f fas ---» fps fp+1 a8 all the different symbols of GF(p) extended by the adjunc- 
tion of co, and are cyclically permuted into one another by the transformation 
gë = EN l 
4-2 


4. "Theorem II. If xis a primitive element of GF(p*), and if we set 


o 


ge == ttm i i (4.1) 
where m takes all the values 1, 9, ..., p = O of GF(p), then | 


, E PPE Om - (4.2) 
is an Affine Difference Bet. : 
~ Proof: Firstly no difference | "m A 
= cmn (Last «i sp), (4.8) 
is divisible by p+1. If possible let the opposite be the case, ee . T 


6—1661P —3 


4 
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Then 
THH we gS = (an element of GF(p)). (4.4) 
z4j 
This would make a an element of GF(p), which is absurd. 
- We:shall next show that 
"ie C—C = 0,—0, (modp*-1), Iisi<jsp,laucvsp), (4-5) 


18 impossible unless i = u, j = v. For otherwise 
P i (zi) (+v) = (z4j) (rau). (4.0) 


This equation must be an identity, for otherwise € would belong to GF(p). Hence 
i, v must be some permutation of j, u. Rince i Æ 7, we have i = u, j = v. 

This shows that the differences c,—c; (mod p!—1), are all different, where the 
suffixes i, j can take all unequal values between 1 and p. These differences thus give 
p(p—1) numbers incongruent (mod p?—1) and not divisible by p+1. But there can 
only be p(p—1) different numbers incongruent (mod p*—1) and not divisible by p+1. 
Thus every number not divisible by p +1, can be represented exactly once as a difference 
of two c’s (mod p*—1). This shows that c,, 04, ..., Cm is an Affine Difference Set. 


5, We shall now prove the following rule for the generation of an Affine Difference 
Set." : 
Theorem III. An Affine Difierence Set ts generated by taking d,=1 and 


dm» = 1+dm-— (p+ 1) ind (fa —a), (5.1) 
"where ind (N) ia the number t, uniquely defined (mod p —1), by 


bt = N (mod p) - — (8.2) 
and x, a, b, fis fas s fp are as in theorem I. | 
Let us set E 
l a" = gtfm mo—12,..5 OS da< p], (5.8) 
From Theorem I, f, fas ...,fp are all the non-null elements of GFíp). Hence from 


theorem L, the numbers d;, da, ..., dp given by (5.8) must form an Affine Difference Set. 
We have to show that they can be generated by the recurrence formula (5.1). 


Since f, 20, we have d, =1. Now 


Y. 1--d 


T "= g? + fie = (—ar—b) + fmt 


0 


= (5-2) {2+ b \ = (fm— a) (£+ fai) 





a~ fm 
= p ind (f. 72) (e t fani) = gU t ud. ueri) (£+ I5), 
c l+dm = (p +1) ind (fm a) + dai, (5.4) 


or’ . dingy = l4 dg,—(p-1) ind (fm—a), (5.5) 
which proves our theorem, 
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6. ExAMPLE.| Let p=17, and let us generate an Affine Difference Set d,, da, ..., dy, 
such that any number not divisible by 18, can be represented just once as d,—d, 
(mod 288). s 

| M » E = 

The first thing i is to find an irreducible equation z*-F áz - b —0 satisfied by po Pnitive 
root of GF(p!) i.e, a minimum function for GF(p?). This problem has already been 
considered in an earlier paper (Bose, Ohowla and. Rao, 1944). It was shown that 
z?--az--10isa minimum funotion for GF(17*) ifa —.1, 8, 4, 18, 14 or 16. Let us choose 


the value 16 for a. ! Thus 
be 10, a = 168 = -1 (mod 17), (6.1) 


i 
Mw 
| +t a— fm l+fm 
| - 
| 





(mod 17), (6.2) 


dmi = 1+dy—(p+1) ind Gm—-a) (mod 288) 
| = 14+d,,~18 ind (1+ fm) " . (6.8) 


The initis] values f; = 0 and d, = 1 have also to be remembered. The calculation of 
the difference set m ay now be arranged as follows : 
| 








m 1 f. 1--f. ind tX fJ) 1—18 ind (14 fa) 

, (mod aL (mod 17) (mod 16) (mod 288) 
á 1 0 1 16 1 I 

2|: 7 8 14 28 
8 | B 4 4 217 
4|! 6 7 X9 197 
5 || a 2 10 109 
6 | 1d 18 — 19 78 
7) H 12 15 19 
s|! a 8 us 91 
9i! 8 9 6 181 

i 10 | 14 15 9 958 
1i 6 Lk ~ 5 199 
19 4 5 7 168 
18 | , 16 16 8 145 
4|! 19 11 18 55 

wii 19 14 9 935 ^ 

i || 9 10 1 271 
17 16 0 — — 
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Thus the required Affine Difference Set is 
1, 2, 8, 81, 89, 95, 99, 156, 161, 176, 178, 204, 281, 245, 256, 277, 280. 


If we form. the 272 mutual differences of these numbers and reduce them (mod 288), 
we shall get every number less than 288 and not divisible by 18, just once. 
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ON A THEOREM IN THE THEORY OF PARTITION 
l By 

D. P. BANERJEE 


t 


ve» 


E (Communicated by the Secretary—Received August 27, 1945) 


‘Ramanujan (Hardy, 1988, p. 204) first considered the congruence "properties ôi the 
function of partition. In this note I shall consider the new congruence property of the 
functions of partition not lmown before and give for reference the table containing the 
values of Q(n) for-n upto 70. 


The generating function (Hardy, p. 278) of-the function of partition p(n) is 


1 


n oue zz... 


z ont g? 


~ "rap aa 


ü-sjü-ssü-ss? esr 


} xz * m? 


gt . 3 
sit a Sea M au 
ae l-g? * i-ayicee (1—2?)(1—2*)(1—2*) 


where J is an integral power series in @. 


+ 2J 


. TABLE I 
n Q(n) n Q(n) n Qin) n Q(n) 
1 1 18 b 95 189 58 1781 
2 0 “19 6 * 88 88 54 188 
8 tL 20 7 87 186 Bö 2244 
4 1 007 og 8 38 87 56 187 
5 1 29 8 99 261 57 2880 
6 1 28 19 "40 46 58 178 
7 1 94 u p 985 59 8492 
8 9 ab 22 49 52 60 209 
9 9 26 12 48 *4887 61 4185 
10 9 "97 84 44 . 68 62 236 
11 2 28 16 45 600 68 5141 
12 8 29 47 46 72 64 278 
18 8 80 18 47 806 65 6188 ^ 
11 8 81 70 48 87 66 812 
15 4 32 28 49 1088 07 7541 
16 6 88 9b 60 98 68 861 
17 b 84 26 3] 1859 69 8645 


114 


D. P. BANERJEE 
Then (Hardy, p. 275) 


3 pine” = (1-- z)(1-29)(1-- 25)... -2J = 3 Q(n)z" + 2J, 


where Q(h) is the function of partition of n into parts which are both odd and: unequal, 
. Hence 


p(n) = Q(n) (mod 2). 


- Therefore p(n) is even when Q(n) = 0, or even and odd when Q(n) = odd. 
Again 


Hence 


(—1)*[Q(n) -Q(n—-2) -Q(n—4)* ...] = (—1)™ or 0 
according as n is or 18 not of the form 4m(8m +1). 
Using these formulae we have the Table I. 


A. M. Contras, 
MYMENSINGH. 
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SYMMETRICAL INCOMPLETE BLOCK DESIGNS WITH 
À —2, k=8 0R 9 


By 
Q. M. Hussain 
(Communicated by B. C. Bose—RHeceived September 27, 1946) 


$1. Introduction 


In an incomplete block design v varieties, each replicated r times, are placed in 
blocks each containing A(<v) different varieties in such a manner that every pair of 
-variebies occurs together in A blocks. 


The following conditions among the integers b, v, 7, k, are obviously necessary :— 
-— bk = vr, : (1) 
p r(k—1) = A(v — 1). (2) 
Fisher (1040) has shown that we must have also 


and 


-b >v; rk. . (8) 
Moreover, since v < k, (2) gives ^ i n 
r>x. | (4) 
In the so-called symmetrical incomplete block designs, 
m B bv, r=k. (6) 
In the special case of symmetrical incomplete Block designs with A=2, 
obe 1H 58-D (6) 


The designs. for the cases k = 5, 6 and 7 have already been studied in full in two 
papers due to appear in Sankhya Vol. 7. It was found that 


1. The design with k = 5 has only one-independent* solution ; 

2. The design with k = 6 has just three independent solutions ; 

8. The design with k= 7 has no solutions. $e 

The purpose of the present paper is to study the cee for k = 80r9. It has been 
shown that 

4. The design with k = 8 has no solutions; 

b. The design with k= 9 has at least two judávendéré solutions other than the 
well known (Bose, 1989; Fisher and Yates, 1938 and 1942) standard solution depending on 
an initial block formed of the 9 different integers obtained from the successive powers 


of 2* reduced (mod 87), vis., the biquadratic residues of 87. 


* Two solutions may be ssid to be “‘dependent’’ when one can be derived from the other by re-naming 
the varieties. If this is not possible, they may be said to be ‘‘independent’’ or non-isomorphie. 
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In the method used, the designs were sought to be expressed in a standard form. 
The varieties occurring in the first block were named serially from 1 to k. In ‘accordance 
with a general property of Symmetrical Incomplete Block designs, that there must be 
just A varieties common to any two blocks, all the blocks other than the first must 


contain some one of the ( i ) pairs of varieties formed out ot the k varieties of the first 


- block. As each pair must occur just twice (*.'A = 2), each of the other blocks will contain 
a different pair of the varieties 1, 2. . ., k. Two varieties of the other blocks are thus 
already known and they are placed in successive blocks in the order 


1,2; 1,8;...3 1, k; 2,8; 2,4;... ; 2, hy... ; k-2, k-1; 8-2, k; k—1, k. 


Tt is convenient to refer to such a first block as the initial block (or i-block), and the 
varieties contained in it as the initial varieties (or i-varietios). The other blocks may be 
called non-initial blocks (or j-blocks) and the other varieties, non-initial varieties (or 
j-varieties). 

It is evident that the j-blocks can be uniquely specified by naming the initial ' 
variety-pairs contained in them. The location of a j-variety in the r(=k) blocks in 
which it occurs can therefore be expressed by naming the corresponding initial variety- 
pairs which, as have seen, are all different. Again any given j-variety must occur twice 
with each of the initial varieties. Hence in the k pairs of these initial varieties, ‘each 
of the k numbers must occur twice. We can designate the k pairs concisely by means 
of a chain of k numbers consisting of one or more cycles as follows: 

Arrange the pairs such that the last element of a pair is the same as the first element 
of the next pair. As soon as the last element of the pair is the same’ as the first element 
of the starting pair a cycle is closed. If all the pairs have not been already used in the 
cycle, starb again with a pair not included in the first cycle, and complete a new cycle. 
In this way the whole set of the k pairs corresponding to the given j can be expressed 
by a chain of k elements consisting of one or more cycles. We observe that these cycles 
must contain 8 or more elements. For in the process of formation of cycles out of a 

given number of pairs as outlined above, only one element cannot be left out; nor can 
one pair be left out, for this would mean that the varieties of this pair have not coord 
more than once, which eánnob be true. 

It therefore follows that for k = 5, there i is only one Qiu. of da vis. | (bed); 1 ihe 
possible types 

for k — 6 are (abc) (def) and (abcdef); 

fork = 7 are (abo) (defg) and (abcdefg); 

for k = 8 are (abc) (defgh), (abcd) (efgh) and (abcdefgh); 

for k = 9 are (abe) (def) (ght), (abc) (defght), (abed} (efghi) and (abodejghi). 


A cycle can be begun at any element and can be read either forward or backward. 
One cycle of m elements can be put in 2m different forms. So the number of different 
cycles with m elernénts =4(m—1)!. Thus, for n= 3, 4,5, 6 there are respectively 
1, 8, 12 and 60 different cycles. A eycle of 8 elements is unchanged by any permutation 
and may be called a'simple cycle. The non-initial varieties, j, are. named conveniently 
according to the following scheme :. f NE. 


™ 
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The variety common to the blocks (1, 2) and (1, 8) is called k+1, 
(1, 2) and (1, 4) 5» k+2, 


35 +} 


' 2 ? (1, 2) and (1, k) 33 2k —2, 4 
This completes the block (1, 2, and places one non-initial variety in each of the blocks 
(1, 8) to (1, &). 
Then the variety common to the blocks (1, 8) and (1, 4) is called 2k — 1, 

n » " (1,8) and (1,5) ,, 2k, 

b n »  (1,8)and(1,k) ,  8k-b. 
This completes the block (1, i and places 2 non-initial varieties in each of the blocks 
(1, 4), ..., (1, k). 


In this way all the varieties, j, are placed in the blocks (1, 2), (1, 8), ..., (1, k). It will 
be seen that this is only a convenient system of naming the varieties: and does not 
involve any loss of generality. Any possible design with A = 2 admits of this standard 
placing of the first k blocks. " To make this more clear, the standard placing for k — 6 is 
shown below : i 


Block Nos. ] Varieties. 
1: 12 8 4 5 6 
2: 12 7 8 9 10 
Bi 1 8&8 7 1l 12 18 ] 
4: 14 8 11 14 i 
b: 1 5 9 12 14 16 
6: 1 0 10 18 15 16 ; 
[e 2 8 
8: 2 4 
9: 2 6 
10: 2 6 
il: B 4 
12: 8 65 
: 18: 9 6 
14: 4 5 
15: 4 6 
18: 5 86 


In this system the first k blocks of any two solutions of a design must be identical. It 
is only m the manner of placing the varieties, f; in the next (0—k) blocks not containing 
1 that two solutions of.a design (both put in the standard form) may differ. Ib thus 
appears that if two standardised solutions are not identical, block by block, it must be 
due to differences in the system of chains corresponding to their respective non-initial 
varieties. 

As for the construction of the chains, it is elear-that the chain for (k +1) must 
contain the block-pair (1, 2) and (1, 8), i.e., the appropriate-cycle, if begun with 12 must 
end with 8. This consideration helps in quickly constructing the possible chains. As an 
easy exarople, in the cage of k=5 the chains for the varieties 6 to 11 must be of the 


forms shown below: 
1—1501P— 9$ 


b 
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Variety. Chains. Variety. Chains. 
6: . (124358); (12543) 9:  - (18254); (18524) 
i 7: (12854) ; (12584) 10: (18245); (18425) 
8: (12845) ; (12485) 11: (14285) ; (14825). 


Now, we must take a “‘consistent’’ set of chains. A set of chains may-be called 
consistent tf between any two of them— - 


(i) three consecutive numbers of one do not coincide with three consecutive 
numbers of the other (read forward or backward), - 
and (i) just two pairs of consecutive’ numbers of one coincide with two pairs of 
consecutive numbers of the other (read forward or backward). It may be:added that the 
numbers at the beginning and end of a eyele aré regarded as consecutive. 
The violation of (i) indicates that between two blocks 8 varieties are common. Thus 
if the chains for 7, and j, are (abedefgh) and (abcd'e!fig'h’) ; the blocks (a, b) and (b, c) 
both contain j, end ją; so that the three varieties b, 7, and f, are common to these blocks, 
which is contrary to the general property of S.I.D. ref. to above. Therefore the condition 
(i) is necessary. The violation of (it) obviously means that either more or less than 
2 blocks contain the corresponding pair of varieties which is contrary to the condition 
A= 2, i 
A seb of chains satisfying the conditions (i) and (ii) fully satisfy the conditions of 
the design, and therefore lead to a solution. For instance, if we adopt the chain (12485) 
as given above for the case k=6, the complete set of consistent chains will be: 


6: (12458); 7: (12584); 8: (12845); 9: (18254); 10: (18425) and 11: (14285) 
as can be easily verified. "The remaining chains l 
6: (12548); 7: (12854); 8: (12485); 9: (18524); 10: (18245) and 11: (14825) 


are also seen to be a consistent set. The solutions corresponding to these sets are 
written out in full as easy illustrations of building up complete solutions. 


Boln. for set 1. j Boln. for set 2. 

1 28 4 6 2 38 4 5 
1267 8 1267 8 
1 8 6 9 10 1 8 6 9 10 
1479 il 1479 1 
1 6 810 ii È 1 6 810 li 
2 8 8 9 1l 2 B 710 1l 
2 4 610 1l 2 4 8 9 10 
2.5 7 9 10 2.5 6 9 Il 
8 4 7 8 10 B 4 0 8 Ill 
3.6 6 7 11. 8 5 78 9 
4 5,6 8 9 4 5 6 7 10 


We notice that the transposition (4, 5) makes the cycles for 6 identical for the two 
sets. But this transposition applied to the set 1 convert the cycle of 7 into that of 8 as 
in set 2, 


SYMMETRICAL INCOMPLETE BLOCK DESIGNS WITH À-2, k=& on 9 119 


+? 8 +? 7 15 
n 9 T 10 " 
A 10 * 9 5s > 
B 11 js 11 - 7 


On applying the transposition (4, 5) and the consequential transpositions (7, 8), (9, 10) 
to the first solution we arrive at the second solution. This proves the isomorphism of 
the design with k= 5. We notice that a set of consistent chains remains consistent 
after any permutation; the j-varieties receive consequential changes to correspond with 
the altered chains in accordance with the scheme of standard placing; and the blocks . 
are re-arranged among themselves. It is easy to see that no new solution is obtained by 
any permutation of the chains of a given solution. 


$9. Impossibility of the Design with k=8, 


This design requires 20 varieties of which 21 are non-initial, requiring 21, chains, 
ln this case the chain-types are (128) (45078); (1284) (5678) and (12846678).- We will 
call these A, B and C respectively. The type (12845) (678) is the same as A; we will, 
however, designate it by A’. We will first test the possibility of a solution using chains 
of type B.only. Take the chain 10: (1284) (5678) as the standard. The complete 
list of chains for the j-varieties 9, 11, 12, 18 and 14 consistent with this is shown 
below :— . 


Serial No. of Variety Variety Variety Variety Variety 
chains. 9: Lr: 12: ~ BB: 14: — 

1 (1258) (4687) | (1245) (8687) | (1946) (8578) | (1247) (8568) | (1248) (3867) 
2 (1958) (4768) | (1245) (8768) | (1246) (8758) | (1247) (8568) | (1248) (8576) 
8 -| (1268) (4578) | (1265) (8748) | !1956) (8748) | (1957) (8468) | (1258) (8647) 
4 (1268) (4758) |.(1275) (8468) | (1970' (8648) | (1257) (3488) | (1268) (8457) 
5 (1278) (1275) | (1275) 18486) | (1286).(8457) | 11267) (8548) | (1268) (8475) 
6 (1978) (4586) | (1285) (8647, | (1280) (8475) | (1287) (8546) | (1278) (8546) 
7 (1288) (4657) 

8 (1288) (4576) 


eto., 
| The second cycle of standard chain is unchanged by the permutations:  — 
(5678); (5876); (57) (68); (58) (67); (57); (56) (78) and (68). 
Looking down the column of chains for the variety 9, we see that these transformations 
change the first chain into the others. So it is enough to consider the standard chain 
of 10 in conjunction with the first chain of 9.. Trying out the combination as shown 
below we see that we can at most find 6 consistent chains out of the 6 needed. 
Therefore, there can be no solution of the design consisting of chains of type B only. 
10: (1284) (5078) 
9: (1258) (4768) 2 
11: (1245) (8768); (1265) (3748) ; (1975) (8486) 


12: ? (1280) (8457); (1246) (8758); (1250) (8748). (1240) (8758). 
18: ? ? (1207) (8648) |. ? (1287) (8546) . 
14: » ? rae 2 ? 
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We now take the standard: chain of. type A, viz., 9: (128) (45678) and seek a 
solution containing chains of other types without restriction. Ib appears that there are 
51 chains consistent with this standard belonging to each of the varieties 10, 11, 12,..., 17. 
However, by using either singly or in combination, the permutatives 

(12); (45) (68); (46) (78); (47) (66); (48) (67) and (67) (85) 

which leave the standard chain unchanged, it was found possible to reduce the number 
of effective chains. Thus in conjunction with the standard chain for variety 9, the 
number of ‘‘independent’’ chains for variety 10 was reduced from 51 to 15. The number 
‘of chains of type A was reduced from 5 to 3, of type B from 4 to 1, of type A’ from 
6 to 2 and of type C from 86 to 9. It is, therefore, enough to consider these 15 pairs 
of chains corresponding to the varieties 9 and 10, and look for consistent chains for the 
other j-varieties. It would be too elaborate to give here the complete set of consistent 
chains for each of these pairs, and the successive process of elimination, to arrive at a 
consistent set'of chains for as many j-varieties as possible. The resulb'of such processes 
is summarised below: 

It'is possible not only to obtain a consistent set of chains for all the j7-varieties in 
the second. block, but in many cases to obtain chains for the next'j-variety 15 in the 
8rd block. In one case it is even: possible to obtain a chain for another j-variety, 16, 
im the third block. But-itis not possible to get any chain for the j-variety 17. This 
proves the impossivility of the design containing a chain of type A. 

It also follows that no solution can be obtained containing a chain of type A’. For 
by a suitable substitution of i-varieties, a chain of type A’ can be transformed to one 
of type A, and a whole set of consistent chains would be found containing a chain of 
type A, which we have proved by exhaustion to be impossible. 

Actually, however, in order to avoid or minimise the chance of omission of a 
consistent chain further on, all the 51 chains for the variety 9 were used in.the search 
for a solution. It therefore remains to examine whether a solution is possible containing 
chains of types B and C only. As we have already seen that a solution containing chains 
of type B only, is impossible, there must be at least one chain of type C. Take asa 
standard ot this type, the chain 14: (12845678). By applying the set of permutations 
that leave this chain unchanged, it is found on examination of the chains belonging to 
the j-variety 9 that 85 chains of type C are reduced to 29, and 5 chains of type B are 
reduced to 4. We are thus left with 88 chains for the variety 9 which, in combination 
with the standard chain for 14, may 1f at all, lead to & solution. On examination of all 
the chains, however, it is seen that by successive formation, only two-sets of chains 
ean be obtained going upto the j-variety 16, but none for the j-variety 17. Hence there 
is no solution containing a chain of type C. : f 

This completes the proof of the impossibility of the Design with k = 8. 


\ 
$3. A new solutions of the Design with k = 9 


This design requires 87 varieties of which 28 are non-ibitial requiring therefore 28 
chains. The possible chain-types are 


(123) (456) (789) ; (128) (456789) ; (1284) (56789) ; and (123456789) 
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which we may designate by A, B, C, D, respectively. The types (128450) (789) and (128450) 
(6789) which are included in the above will be designated as B’ and C' for distinction. 

In the classical solution the initial block is 1, 7, 9, 10, 12, 16, 26, 88, 84. The 
(m+1)th block is obtained from this adding m to each of these numbers and reducing 
(mod 87). On examining this solution it appears that there are 19 chains of type D, 
4 of type C and 5 of type C'; there are none of types A, B and B'. The method of 
exhaustion, as outlined before, may perhaps be used but the patience and labour involved 
will certainly be very great, The possibility of constructing a design containing chains 
of type A only has been tested and resulted in the discovery of a new solution. 


Let us take the standard chain as (128)(456)(789) corresponding to the variety 10. 
Chains consistent with this and belonging to j-varieties 11 to 16 are listed below: 


11: (124)(857)(689) ; (194)(858)(679) ; (124) (889) (678) ; (124)(867)(689) ; (124)(868)(579) ; (124)1869)(578) 
12 : (125)(847)(689) ; (125)(848)(679) ; (125)(849)(878) ; (125)(867)(489) ; (128)(868)(479) ; (198)(860)(478) 
18 : (126)(8471(689) ; (126)(848)(579) ; (126,(849)(678) ; (126)(857)(489) ; (1261/858)(479) ; (120) (2591418) 
14 : (197)(848)/669) ; (197)(849)(668) ; (127)(358)(469) ; (127)859)(468) ; (197)(868)(459) ; (127)(869) (458) 
15: (128)(847)(569) ; (128)(849)(507) ; (198)(887)(469) ; (1981(859)(407) ; (128)(867)/459) ; (128)(869) (457) 
16 : (129)(847)(568) ; (199)(849)(667) ; (129)(3811(468) ; (199)(8581(4607) ; (129)(867)(458) ; (1291868)(457) 


We notice that the first chain for 11 can be transformed into the other chains for 
the same variety by transpositions which keep the standard chain unaltered. It is 
enough, therefore, to take one chain, say the first ore, for 11. So we consider the pair 
of chains 

10: (128) (450) (789) 
11: (124) (857) (689) 


We notice that this pair is unchanged by the transposition (89) 
With this pair, the consistent chains for 12 are ý 


(125)(848)(679) ; (125)(849)(678); (125)(868)(479) and (125)(869)(478). 


But the first of these is transposed to the 2nd and the Brd to the 4th by the transposi- 
tion (89). Therefore it is enough to consider only the first and“the 8rd chains for 12. 
In this way the working is carried to the chain for 16, and if is found that no set of 
consistent chains upto this can be found with one of the variations at 12. The only 
consistent eet obtained is the following :— 


10: (128)(456;(789) 
11: (124)(857)(689) 
12: (125)(868)(479) 
18: (126)(849)(578) 
14: (127)(848) (569) 
15: (128)(859)(467) 
16: (129)(867)(468) 


These complete the placing of the 7 varieties'in block No. 2. . We have now to place 6 
more varieties in block No. 8, i.e., the block (1, 3). 
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"The chains for variety 17 consistent with the standard chai are the following 


17: (184)(267)(689); (184)(268)(679) ; (184)(259)(678) ; 
(184)(267)(589); (184)(268)(570); (184)(269)(678). 


We notice that the first and the last of these contain triads already used, the 4th and 
the 5th are inconsistent with the group already obtained. So we are left with the 2nd 
and the 8rd. In this way, examining 6 chains for the varieties 17 to 22, we get only 
one the seb given below which is consistent with the previous sets and consistent among 
themselves :— 

s 17: (184)(259)(678) 
^ 18: (185)(267)(489) 

19: (186)(248)(579) 

- 20: (187)(258)(469) 

21: (188)(269)(457) 

22: (189)(24)(568) 


This completes the placing of the varieties in block No. 3. 
After this, there is an unique way of obtaining the remaining chains. These are 
listed below :— 


28: (145)(278)(B60) 28: (156)(280)047) 98: (168)(287)(450) 
24: (146)(279)(858) — 29: (157)(280)(468) 34: (160)(285)(478) 
25: (147)(286)(680) ^ 80: (158)(284)(079) 35: (178)249)(850) 
26: (148}(256)(879) ^ 81: (150)(246)(878) 86: (179)(268)(845) 
27: (149)(238)(567) 82: (167)(245)(889) 8T: (189)(257)(846) 


This is a consistent set of 28 chains providing a solution for the design with k = 9. 
It needs hardly to be pointed out that all the 48 triads have been used and no triad has 
occurred more than once. 


$4. Conjugate Designs and another new solution for the Design k = 9 


A symmetric incomplete bloek design being given and the blocks numbered in any 
manner, we can write down corresponding to every variety a set of r numbers which 
represent the block Nos. containing that particular variety. For the v varieties there 
wil be v sets. These.v sets, each containing r numbers, may de called a design 
conjugate to the given design. We will suppose, as in the case of A =2 that the 
numbering of the blocks has been made according to an initial block m the standard 
manner i.e., the successive blocks are arranged in such a manner that the k digits 
representing the variety may form an increasing seb of number. In these designs 
b =v; r= k; each blook-pair contains A varieties in common. A conjugate design has, 
therefore, the same parameters as the original design from which it is derived. For 
non-symmetric designs b 7 v; therefore the conjugate design is impossible as it would 
violate Fisher's condition b œv, We can prove that conjugates of a given design 
corresponding to different initial blocks are isomorphic. 


- 
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It is interesting to note that the conjugate of a design is not necessarily the same 
solution of the design though the conjugate of & conjugate is the identical design. This 
is brought out by the example of the solution of the design k=9, with all the chains 
formed of 8 simple cycles, as given in this paper. The chains of the conjugate solution 


are recorded below. 


10: (128)475869) 24: (146)(287598) 
11: (124)(867859) 95: (147)(256088) 
12: (125)(848967) 26: (148)(275309) 
18: (196)(859748) 27: (149)(259780) 
14: (197)(854689) 28: (156,(289487) 
i 15: (128)(865497) 29: (157)(249880) 
16: (129)(840578) 30: (158)(204789) 
17: (184)(265897) 31: (159) (274886) 
18: (185)(246078) 32: (107)(285849) 
19: (186)(254789) 38: (108)(243975) 
20: (187)(248659) 84: (169)(245837) 
21: (188)(259467) 35: (178)(284598) 
22: (189)(267548) 86: (179)(236485) 
28: (145)(238679) 87: (180)(285074) i 


It appears that all these chains are formed of one simple cycle and another cycle o 
6 elements. The two solutions are, therefore non-tsomorphic. ‘ 


The classical solution of the design with k=9, is self-conjugate, 1.6., the conjugate 
of this solutionis isomorphic with it. 
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A PsC SIN ON THE EXACTNESS OF THE LORENTZ-DIRAC 
CLASSICAL EQUATIONS 


Bv e 
C. JAYARATNAM ELIEZER 
(Communicated by the Secretary—Reeaved November 19, 1946) 
1. Introduction 


The classical relativistic equations of motion of a radiating electron in an eleotro- 
magnetic field were derived by Dirac (1938) by regarding the electron as a point-charge 
and applying the principles of conservation of energy and momentum. These equations 
take into account appropriately the effect of radiation damping on the motion of the 
e.ectron. If (#,, £i, £a, Xa) denote the time and space co-ordinates of the electron in a 
Lorentz frame of reference in flat space-time, and vy is the velocity four-vector given by 
vu = (4, d,, d,, #5), u = 0,1, 2, 8, where dots denote differentiation with respect to the 
proper time 8, then the Dirac equations of motion of the electron are 


mvp mi 4e? (vat vvu) = evo, ) 
n (1) 


v5 = h —o,'—¢,7—a," c; 


where F"" are the usual field quantities describing the external electromagnetic field, 
and the scalar product notation 


is used. The units are chosen so that the velocity of light is unity. In terms of the 
electric and magnetic field vectors E and H, these equations are : 


my — ge*í Y+ (8,3 — v*)v] = e(d E +Y x H), 
- 8) 
ð = 1 
where Y denotes the three-dimensional spatial part of the velocity four-vector vz. When 


the velocity of the électron is small compared to the velocity of light, then the equations 
- take the non-relativistic form 


»—2ey -e(E-YxH) | (8). 


where dots now denoLe differentiation with respect to the time z,. 


The equations (8) are the same as those obtained by Lorentz, who used the spherical 
. model of the electron and calculated the force of retardation of the electromagnetic field 
inside the electron, obtaining for this damping force a series in ascending powers of the 
radius 7 of the electron, thus 


R = de ( rot Ont s, (4) 


4 
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If 7, is considered small then R is approximately 36? v, and hence the equations of motion 
as derived by this method are the same as the equations (8). 

Although both the above methods lead to the same equations of motion, the 
derivation by Lorentz makes them necessarily approximate, whereas the method of Dirac 
gives room to hope that these equations may be exact, within the lımits of the classical 
theory. The suggestion that these equations appear to be exact was made by Direc 
at the time he derived them; and all subsequent authors who have worked with these 
equations or who have extended the method of derivation of the equations of motion to 
spinning particles in electromagnetic and meson fields (Bhabha, 1989, 1941), have gone 
on the hypothesis that the equations are exact. 

The purpose of this paper is to point out certain evidence discounting this suggestion 
of exactness. 


2. Free Electron 


The simplest application of the equations of motion is to investigate the motion of a 
free electron. This problem has been already considered by Dirao (loc. eit., p. 150). In 
` a suitable Lorentz frame in which the motion is rectilinear, the velocity v is given by the 
equation 


a» —v + vv7/(1+0) = 0, (5) 
where a = 8m/2e*. The equation (6) has solution of the form 
v = sinh (Ae + B), (8) 


where A and B are arbitrary constants. The general motion, with A non-zero, is such that 
the electron steadily inereases its velocity, while rapidly losing energy by radiation. 
Ultimately the velocity tends to the velocity of light. Such a self-accelerating motion 
has never been observed, Dirac’s comments on this solution are of interest here and are 
quoted below :— 


‘One would be inclined to say that there is a mistake in sign in our equations and 
that we ought to have e`% insead of e® in (6). With this alteration we should have a 
theory in which, if an electron is disturbed: in any way and then left alone, it would 
rapidly settle down into a state of constant velocity with emission of radiation while it is 
settling down. This would be a reasonable behaviour for an electron according to our 
present-day physical ideas. However it is not possible to tamper with the signs in our 
theory to obtain this result without getting equations of motion which would make the 
electron in the hydrogen atom spiral outwards, instead of spiralling inwards and ultimately 
falling into the nucleus, as it should in the classical theory. We are therefore forced to 
keep the signs in (6) as they are.” 

Thus, Dirac did not make any alterations in the signs, but retained the equations of 
motion (1), getting over the difficulty that is referred to above by adopting the following 
device. He postulated that not every solution of the equations of motion need 
necessarily correspond to a motion that is observable in Nature. The equations of 
` motion have two types of solutions—physical solutions and non-physical solutions. The 


1 
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solution (6) with A non-zero should be regarded as a non-physical solution. The physical 
solution has A zero and corresponds to a motion of uniform velocity, which is the motion 
observed in Nature. In this way it was found possible to resolve the difficulty and to 
preserve the assumption that the equations are exact. There remained one defect in the 
theory, and that was the absence of an adequate criterion to distinguish between the 
physical and non-physica] solutions. Recently, Eliezer and Mailvaganam (1945) have 
suggested that the physical solution should satisfy, apart from the equations of motion, 
an additional physical principle which has been called the principle of field-balance— 
that is, after a sufficient lapse of time the emitted and absorbed fields should tend to 
balance each other. If this result proves to be of general validity then we will have & 
satisfactory way of discriminating between the physical and non-physical solutions. 


9. Electron Disturbed by a Pulse 


_ A further difficulty arises when we apply the equations of motion to consider the 
behaviour of an electron which is initially at rest and which is disturbed by a pulse of 
` electromagnetic radiation. If the duration of the pulse is supposed to be infinitesimally 
small and the electric field is given by 


Is = ks(t~y), E, - g = O, 


b 


then the equations of motion give T - 
av —7 = rô(t), (7) 
where x = 8k /2e, and dote denote differentialion with respect to t. The solution that 
satisfies the boundary conditions at t = 0 and at t = — co is seen to be of the form, 
v = Qett, t «0, " 


(8) 


«[a-- (C —k[a)e**, t — 0, 


where C is an arbitrary constant. 
If the electron is initially at rest till t = 0, then C = 0. This gives 


v = (k/a)(1—2%), $2.0, 


which is a non-physical solution. It appears that the problem does not have a physically 
allowable solution. 

Dirac again got over the difficulty by suggesting the following solution. Choose C 
so that the final motion is one of uniform velocity, that is, take C = «j/a. Then 


v = (k/aje*, t« 0, 


which implies that the electron is graduaily building up an acceleration of such amount 
thatthe pulse just counter-balances it when the pulse reaches the electron at time 
t=0. The difference between -such a motion and one of uniform velocity is too small 
to be physically observable. This solution appears to contradict elementary ideas of 
causality; but & natural interpretation can be given if we suppose that the electron , 
_ behaves as though it has a finite size of order a7}. 


- 
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4. Electron in a Field of Potential u |z| 


The solution given oy Dirac for the above problem looks rather artificial, but being the 
only solution of the equations of motion which does not differ appreciably from observa- 
ble results, it has to be assumed to be the appropriate one, if the equations of motion- 
ore assumed to be exact. But when we consider the 1notion of an electron which moves 
in the field of potential «||, where (æ, y, 2) are cartesian co-ordinates, then the above 
method does not help and all the solutions of the equations of motion appear to be of 
non-physical nature. This potential corresponds to the field due to a thin infinite plate 
in the y2-plane. 

For simplicity we consider rectilinear motion normal to the plate. Then the velocity 
v is given by 

av—v+ vv? / (1 T 0?) = a(l +v’), for x <0 o) 


` av —v-- vv? [(1 +07) = a(l +v), foro 0 - 


' where « = 84/26. We take the case when « is positive. We solve the equations by 
transforming to $ where v = sinh ¢. The equations then become 
ag—g= xa, (10) 
and the solution has the form - i 
; -œ = A695 + B+as/a., (11) 


Suppose that initially the electron is moving towards a point O ot the plate from the left, 
and reaches O when & = 0 with velocity v,. TH s = 0, the velocity will be of the form 


v = sinh (A,6** - Batas), 3 «0; l (12) 


as 8 increases front 8 = 0, the electron will begin to move into the region rz 7» 0, and 
therefore the velocity will have the form 


v = sinh (d,e9* -- B,—«s), 87» 0, | (18) 


as long as € — 0. The boundary conditions at s — 0 require that the velocity and 
acceleration should be continuous at s = 0, and therefore 
Át By = 4 tB, f 
(14) 
ad, ta = tÅ, ~a. : 


If A is non-zero the motion after s = 0 is non-physical. Hence, following the notation 
of the previous example, we Lake A, = 0, thus obtaining a solution which corresponds to a 
physical motion afters = 0. Then 


A, =-—2a«/a, B, = By~2a/a = sinh~'»,. 
Hence for 8 > 0, z > 0, the solution is of the form . 
v = sinh (sinh7?v,—aa). (15) 
& = a!f cosh (ginh7'v,) —cosh (sinh™'v, ~ aa). (16) 


Therefore 
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From (15) and (16) we see that ass increases from 8 — 0, v gradually decreases and 
vanishes, and then becomes negative, That is, the electron moves towards the right 
with decreasing velocity, comes to rest, and then commences to move backwards towards 
O with gradually increasing speed. It reaches O again at s = 2&7 sinh™'v, = 8,, say, 
and then goes over into the region of space z«20. The motion in this region will be 
- given by a solution of the form 

v = sinh (A, +Ba+ a8), 8 > 8,. (17) 


e 


The conditions of continuity at æ = 0 require that 


A,+B,+08, = ss ear 
(18) 
aÅ, +a = -—a. | 
Henoe d 
A ,=—2aja, B, = B,—2a8, = 2a/a—8 sinh^!s,. (19) 


We see that A, is non-vanishing. The solution after 8 = s, is such that the electron 
continues to move away from O towards the left with ever increasing velocity This | 
motion is clearly non-physical. i E 

It appears that we cannot adjust the value of the arbitrary constants in such a way 
that the motion is physical afler each instant at which the electron passes the point 
z — 0. The equation of notion do not have a physical.solution. 


5. Discussion 


All the evidence of the above work points to the suggestion that the Lorentz-Dirao 
equations of motion are not exact. Dirac did not follow up his suggestion that a change 
in sign of some of the terms in his equations may be necessary, because -he had thought 
that any alteration in sign would ldad to a set of equations of motion according to which 
the electron in the hydrogen atom would spiral outwards, instead of spiralling inwards 
and falling into the nucleus, ` 

The present author (Eliezer, 1048) has applied the Lorentz-Dirac equations to 
- Investigate the motion of an electron in the hydrogen atom, and arrived at the unexpected 
result that these equations do not allow the electron to spiral inwards and fall into the 
nucleus. ‘This result now provides added reason to suppose that some modification of 
the theory. is necessary. - 

Tho author has examined the possibility of modifying the Maxwell-Dirac theory, 
, while retaining the idea of deriving equations of motion from the conservation laws. 
There are two modified forms of the theory which are of interest. One of these is seen to 
lead to equations of motion which differ from the corresponding Lorontz-Dirac equations 
only in the signs of certain terms. The result of the change of sign is that a tree electron 
does not accelerate itself, nor does the electron in the hydrogen atom spiral outwards 
and escape to infinity. In the other form of the theory we postulate that in the classical 
theory the radiation field emitted oy an electron, if such a field is emitted at all, has no 
retarding or accelerating effect on the motion of the electron. This assumption is a 
reasonable one, when we consider the electron as a point-charge. Starting with this 


a 
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assumption equations of motion are derived from the conservation laws, A detailed 
account of these two forms of the modified theory will be published shortly. 


/ 
Summary 


. The paper gives a discussion of the applications of the Lorentz-Dirae equutions of 
motion to investigate the motion of a free electron, of an electron disturbed by a pulse, 
and of an electron in the field of a charged thin infinite plate, The self-accelerating 
motions in the first ease, the artificial nature of the only allowable physical solutio in 
the second case, and the absence of a physically allowable solution in the third case—all 
point to the suggestion that the equations of motion are not exact. A preliminary 
account of suitable modifications of the theory is given. 


The author wishes to express his gratitude to Proteanor P. A. M. Dirae under whose 
supervision this work was commenced. 
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ON THE PETERSEN-MORLEY THEOREM 


By 
C. V. H. Rao 


E 
(Receved November 19, 1945) 


1. The theorem was established by Morley (1898) algebraically. Two geometrical 
proofs were given by Lyons and Firth (1984); the method used is that of approximations 
through special cases, and is not what is usual in this subject A verification by symbols 
was given by Baker (1930). 


I give a direct geometrical proof based on known properties of the plane Desargues 


- 


configuration and the idea of involutions. : 


2. We take the theorem in projective form. Given a plane II and therein a Desargues 
configuration of two triangles ABC and A/B/C’ in perspective, with O for centre and 
LMN for axis: Through A, B, C are drawn three arbitrary skew lines a, b, c in space; 
through A’, B', C! are drawn the transversais a’, b’, c! to pairs of these: for clearness 
a’ isthe transversal from A’ to b and c. Let a” be the transversal from L to a and a! ; 
let b” be the transversal from M to b and b/; finally let c” be the transversal from N to 
c and o’. Then the theorem states that there passes through O a single transversal to all 
three lines a’, bD”, o, 


8. In the Desargues figure on the plane II let P, Q. E be the points cf intersection 
of BC! and BIC, of CA! and C'A, of AB! and A'B, respectively. Because thé triangles 
ABC! and A'BC are in perspective with O for centre, it follows that LQE is a line 
namely the axis, So also M RP and NPQ are lines. . 





Til 
Hp 
— . 


4. Denote by p, q, 7 the lines of intersection of the planes be! and b'c, of ca! and c/a, 
of ab'and a/b. Then the lines p, q,r pass through the points P, Q, E respectively 
because the lines a, a’, ..., have been drawn through the points A, A’, ... . 


5. The pair of lines a, a/ and the pair of lines q, r make a skew quadrilateral with 
four corners. The line OAA’ is a secant to the former pair. The line LQE is a secant 
to the latter pair, for as seen in § 4*the point Q lies on q and the point Ronr. But 
these two secants, both lying in the plane II, intersect say in X. 
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The five points X, Q, R, A, A! and the four corners mentioned fix a quadric having 
a, a’, q,-r as generators and also the lines XQR and XAA!; but these last two lines are 
the same as LQE and OAA’ which are thus two generators through L and O respectively. 
- The other generator through L is a" and thus intersects the other generator through O 
viz., the transversal from O tog, r. This in effect is what German writers speak of as 
the 9479. theorem on the quadrie. l - 


6. Therefore denoting the secanta from O toq,r to r, p and to p, q byl, m,n 
respectively we find that a" meets l, and b" meets m, and c” meets n. 


Thus the planes (0, a”), (O, b^), (O, c!) are M the same as the planes (L, J), 
(M, m), (N, n). 


7. Again in the plane IT Jet the projections from O of P, Q, R on to the line LMN 
be called P,, Q,, Ro. We have seen in $8 that LQE is a line; it follous on considering 
the quadrangle OPQR that the pairs of pointe P4L,. Q,M, R,N are in involution. 


8. Also from the definition in 56 of the lines m and n ıt followa that the plane 
of O, m, n contains the line p; and therefore also the point P m view oi $4; and 
thereiore also the point P, by the definition of P, in 87. 

In other words, the planes (m, m), (n, 1), (l, m) are met by the line LMN in the 
points P,, Q,, RE, respectively. 

9. Here we have three lines through O namely l, m, n and three collinear points 
L, M, N associated with them in order; the planes (m, n), (n, D), (l, m) are met by the 
line LMN in the three points P,, Q,, E, respectively; and finally the pairs of points 
P,L, Q,M, RN are in involution, as seen in $7. 

We deduce at once that the planes (L,1), (M, m), (N, m) are coaxial, for the 
involution properby just mentioned is easily recognised to be the necessary and sufficient 
condition for the desired coaxiality. What we need for our present purpose is the 
sufficiency. That the condition stated is sufficient follows on considering the three 
plane-pairs (m, n), (I, L) -and (n, 1), (m, M) and (l, m), (n, N) and observing that all three 
plane-pairs pass through the three lines l, m, n. Thus the three planes (l, L) and 
(m, M) and (n, N) are coaxial. 

These three planes are however, as shown in $6, just the planes (O, a”) and (0, b") 
and (O, c!) which are thus shown to have a common line. "Therefore the lines a^, b", c? 
permit a transversal through O. That completes the proof of the theorem. 
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NOTE ON TRANSVERSALS WHICH MEET CONSECUTIVE 
GENERATORS OF A RULED SURFACE AT A 
CONSTANT" ANGLE 


Bv 
V. R. CHARIAR 


(Received November 8, 1945) 


1. Line of striction of the generators of a ruled surface is the locus of. points where 
the common perpendiculars to consecutive -generators meet them, In this note, 
transversals of consecutive generators meeting them at a constant angle are considered. 
They are found to meel the generators at the central points. Such transversals generate 
a ruled surface the generators of which have the same line of striction. A new measure 
called the '' Bkewness of distribution ” of the generators of the ruled surface is introduced 
and certain properties of this quantity are discussed, It is found that it is connected 
with first curvature of the surface. 


2. Let ABC be the directrix, AP, BQ, CR three consecutive generators of the ruled 
surface. Let PQ, SE be transversals which meet pairs of consecutive generators at the 
same angle x, We shall call such transversals as the «-transversals. 





“Let the unit vector along PQ with the usual notation * be denoted by 








d! d x d! 
= d cos o. — cos B+ 2 COB Y 
here 
. cos*a + co8* B + cos? = 1. 
Now secause 8.Íd + d's 4 ...] 
= COS Q 
| d d'às +... | 
we pel s 
cos «+a cos 8.58 ...... = cos a (La a%58*+...)3 
whence 7 z 
à cog B — 1 i.e., B — — and y =-~ g, s 
B 5 Qe 
Hence 
] x di 
8 — d cos at Rd sIn «x. 
i Now P and 8 are consecutive points on the curve which is the locus of the feet of 


the «-tranversals and therefore PS in the limit is the tangent to the curve. 
| PB S PQ d QS, 


* The notation followed is that of Weatherburn's Differentia] Geometry vol. 1. 
2—1551P—¢ 7 
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or — 
PS = £84 n(d 4- d'ès +...) 
where £ and 7 are infinitesimals. 


. PS.d! = (£8-- (d 4 d'8s + ...)].d! = an infinitesimal of the second order. 


Hence if T denote the unit tangent to the locus of P, T.d! = 0 and therefore P is the 
central point of the generator. Hence we have the theorem that '' Transversals' which 
meet consecutive generators of a ruled surface at a constant angle, meet the generators 
at the central points and hence the locus of the fect of such transversals is the line of 
stitction of the generators," 


3. Taking the line of striction as the Directrix, the vector position of Qi is 158 
tg(d-4d8s-- ...). Q also lies on PQ whose equation is r= £8. 





AO Betn(d4dise+ ...) = Eid cos a+ $2 sin aj, 


Now because 1 


t= deos 644% ain 6 *- 





where 0 is the angle at which the line of striction meets the generator, we have solving 
the equations and neglecting infinitesimals of second and higher orders 


gg Oa) * ou es qan 


7 gin « 


Hence ‘‘ the o-transversal meets the consecutive generator at a distance 
- 5, 80 (0 — o) 
gin « 

‘from the central point of the consecutive generator." In particular, the common 
perpendicular meets the consecutive generator at a distance —$s cos 0 from the central 
point. 

4. These a«-transversals generate a ruled surface which has clearly the same curve 
as the line of striction. In order to find the parameter of distribution of the a-trans- 
versals on the ruled surface generated by them we first put [d, d’, d] = a*y where dashes 





denote differentiation with respect to the arc of the line of striction. 7 
Now 
' ô = d cos a 4 1X0 gin a, 
xd’, d x d 








d ; 
& = d'cos a+ sin x~ —.— a! sin c. 
a 


But, à! 
di = -—ad d d! +ay(d x d’) (4.1) 


ua 


& = d! cos aS Aa x {- ard +d! + ay(d x d/)] — ——.a/ sin « = d/(cos a—y sin a). - 


Hence 
; A =| | = a | cos a—yaina |. 


* Here £, the parameter of distribution is equal to — sin 8/a. 
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Now because the «-transversals meet the line of striction at an angle &—«, ihe parameter 
of distribution B of the a-transversals is given by 


Bees sin (0 — a) ' (4-9) 


a | cos &—y sin a | ` 
In particular, the parameter of the distribution of the common perpendiculars is cos 6/ ay. 


5. The quantity y introduced above is independent of the Directrix chosen. Let 
d, d,, da, be three consecutive generators so that 


d,= d+ dias + are "Pisas 


des d+ do 3s.) + dr O84 Seu) d 


The volume of the parallelopiped formed by unit vectors slong its three generators ie 
given by 


y [d du dy] _ 1 [d, d^, d']868s, (88 + 88,) +... 
1 | d; 


[d]]d,] 2 CAA 
= $[d, d’, d" ]8888,(8s + 88,) + higher order infinitesimals. 


The shortest distances between pairs of these three generators are 


: D 
Dés — d/D D 
—. fa tL ) 88+ ere } 68, and 4 (8 + 05,). 


a 


Hence if p denote the product of these three shortest distances we have 


A V _æfd, d, d]  a*« 
Li x. ec Redi qu cu 5.1 
3s—>0,88,->0 P D? eg pg de 
where f is the parameter of distribution. Now V, p, 8 are independent of the Direotrix 
chosen and therefore y is also so. This quantity, y may be called the “skewness of 
distribution " of the generators and ita vanishing means that the generators are all 
parallel to the same plane as in the case of-a paraboloid. 


6. The skewness of distribution of the «-transversals is given by 


T = [8, 9, "JA 





where 
A = a | cos a—y sin all. 
Now 
/ 
= d cos avon sin a 
. 4 
& = d'(cos &— y sin a) 
ò = d'(cos & —'y sin o) —d^y! sin a. 
= [8, &/, 8] = a'(cos x—y sin a)*(y cos a-- sin a). 
Hence 


T' = Y COS «--8in « 


Jeosa—yain a (6.1) 
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“Eyeing at 5 ~ for « we get I", the skewness of distribution of the ($+ x ) -transversals. 
[v 908 AY sin «c (6.2) 
ly cosa -- gin a | 

Hence TI” = £1. Hence we get the theorem that '' The skewness of distribution of 
the mutually perpendicular transversals of we consecutive generators of a ruled surface 
are (numerically) reciprocals to one another,’ 

For a developable surface, the skewness = [t, t/, U'17] /1?, where t denotes the unit 
tangent to the edge of regréssion, Hence the skewness of distribution of the generators 
of a developable surface is pjo, where p and o are the radii of curvalure and torsion of its 
edge of regression, : 

It can be easily verified that the skewness of distribution for the two systems of 
generators of a hyperboloid of one sheet ut a point of the principal elliptic section are 


equal and opposite. 


7. The quantity y introduced above occurs in the curvature properties of the surface. 
Taking the line of striction as the Directrix we huve 


HJ = (t-rud/).i(d x t)+u(d x d)t{—2 cos oft, d', d] 
= w*[d, d', d"] - wf[d, t, d”]+[d, d', ']V +2 cos Old, d’, t]. 


where J denotes the first curvature of the surface. Now 

















» t= d cos 0+ 19 gin 0 
] herefore 
ad) on E ain 6 -d sin 0 4 OX o s0 SEXT at sin 6 
V^ reddunt cde. (dg uj cop d 
ds d8 
Substituting this value for // and the value of d" in $4 we get 
Hey = ayu? - atu É +a sin Ó (cos Ó-- y sin 6), E" (7,1) 


In particular, J, the first curvature at the the central point in given by 


J, = 2 to = ytte 
: sae B 


From the value of ¢ we get if k denotes the curvature of the line of striction 
2 
k? = (28) +a? (cos 0 —y sin 8). 


Now because d6/ds is the geodesic curvature of the liue of striction, we geb k, the normal 
curvature of the surface along the line of striction is given by 


"ks a(cos 6—y sin 6) = — 92 a feo t 6—). (7.9). 
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VIBRATION OF AIR-COLUMNS IN CLOSED PIPES 


. By 
BRAJABIHARI PATNAIK 


-~ (Communicated by Mr. R, N. Mohanig— Received November 10, 1945) 


In a recent paper Mohanty and Patnaik (1944) have deduced formulae giving the 
normal modes of vibration of air columns in a pipe open at both the ends and fitted 
symmetrically with thin movable frictionless pistons each of mass M- and each controlled 
by a spring of strength m?. In.this noie the normal modes of vibration are deduced 
ina pipe, either closed at both the ends or closed at one end and open at the otber, the 
pipe being fitted symmetrically with n pistons of the type referred to above. 


It is assumed that the air in the pipe is at atmospheric pressure throughout. The 
notations used here are the same as in the paper cited above, viz., the origin is at a 
closed end, £ (r = 1, 2, ..., n—1) represents the displacement aba distance æ at the time 
t of the air between the rth and the (r+1)th pistons, and £s, Ên represent the displace- 
ments respectively of the air between the origin and ume first piston, and the last piston 
and the other end of the pipe. 

Suppose a i8 the distance between adjacent pistons, c, the velocity of the vibrations 
in air and y,6', the oscillations of the rth piston, where p is the angular frequency of one 
of the normal modes. We have also the solution 


£, = {A, cos (pz/c)+ B, sin (pz/c)fe™, (20,1,..5 m). . (1) 
Taking first the vase of the pipe closed at both the ends, the boundary conditiong: are 
ĉ = 0, when s = 0; & = y,e9*, when æ =a; 


E, = ye, when z = rta; £, = 77,6, when z = (r+1)a, (121,2, ..., n-1); 


and : 
£4 = yao", when z = na; £4 =0, when z = (n4-1)a =l. 
_ We therefore get the following equations : . - 
yi gin (D/C) pipe 9 
i fo = sin (pa/c) R . (2) 
Yr+1 Sin {p(a—ra) Jo} — yr sin | fp(z— —r+1 ala ar (p= 1,2, ..., n=l), (B) 
sin (pa/c) 
and gnat sin{p(a—n+1a)/c} piti. (4) 
gin (pa/c) 


Since, the m of motion of the rth piston is given by 
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where p is the density of air in the pipe and S the sectional area of the pipe, we get, 
substituting from equations (2), (B) and (4), symplifying, and putting 


2. n? 
Q M m'p sin P +92 cog P? 
cp8 C C : 
we get 
YSO 0. ooo e s = 0, (5) 
$70, 5 Om yp HX — Yr tO 2. 1... =, (r = 2, 8, wa, 5-1) (0) 
e. os s. os. n. os. n. 0g. n s FO yasa t yaX = O. (7) 


"The frequencies of the normal modes are therefore given by the determinantal 
equation 


—1 X -l 0 


i ; ; ; i ; ; ' : Zn 9 


0 -1 X 
Using the result sin (n+1)¢ 
" sin ¢ I 
where cos ¢ = X/2, we get sin (n+1)¢ i 
0, 
SIn $ 
or 
zc d. 
T= atl 


where q is an integer other than an exact multiple of (n+1). Thus the frequencies of 
the normal modes are given by the relation 





X > qr 
— E COs 3 
2 n+1 
oi M míi-p! pa ` qr pa pa pa 
n i = cob£— — eos — . cosec —— = cot ET — a cosee —, (9) 
acpS p C n+i C C C 


s 


where & stands for cos ĪA i and. has, therefore, only n different values all lying between 


~l and +1. Ifm be odd, one value of « is zero {when q = (n - 1)/9]. 





~~ 
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Ii the pipe contains a gas other than air and the pressure be different from atmos- 
pheric pressure, equation (Q) still holds good, p being the density of the gas and c the 
velocity of the vibrations in the gas. 

If the pipe be closed at one end only and open at the other, the boundary conditions 


for £y are £4 = yae™™, when 2 = na and En = 0, when e=(n+l)a=l, Equations (2) 


and (8) remain unaltered but ae (4) is changed to 
. T = Yn COB {p(z -— n4 n+ 1a) /c} gift, 10 
cos (paje) (10) 
The frequencies of the normal modes are given in this case by the determinantal 


X 
equation 


0 -1 X Í 
0 i X —8eo6 


where 0 stands for pa/c. 
sin (n--1)$ sinn 


: - Bec 6, 
sin $ gin $ 


r An = Ta— Ta-4 BEC 0 t 


rh 


^" 


Hence, equation (11) 18 equivalent to the equation 
cot? 2 E = cot? JL. p Ent Un pe. (19) 


In ease of the pipe open at both the enda the sn pair of equations is obtained 
(see the paper referred to). 


2 92" 

and 
19 Lot ? cot Uf 
. cot g cot 5 cota 


It will be seen that in all the three cases the frequencies of ‘the normal modes are 
given in the form of determinantal equations, vizs., Dn = 0, An = 0 and Tn — 0. The 
determinants Dn, A, and T, are connected by the relations 


= (X ~ SEC 60)A4-,— Yn-a: & 


E .. Bin (n+1)¢ ` 
Apn = Tam T4 8600, and T, EU : 
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The simplest case 18 that of the pipe closed at both the ends. Equation (9) obtained 
in this ease can be easily solved graphically, the venue? of p thus determined giving ihe 
angular frequencies of the normal modes, 


In conclusion, I express my thankfulness to Mr. R. N. Mohanty- for his mterest in 
this work. 


RAVENBBAW COLLEGE, 
CUTTUCK, INDIA. 
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NOTE ON THE LARGE-SCALE MOTION 
IN VISCOUS STARS* 


Bv 
N. BR. Sen anp N. L. Gross 


(Received December 17, 1945) 
INTRODUCTION 


Not much ie known about the motion of a mass of viscous fluid under its own 
gravitational, and external forces. A recent attempt has been made by Gunnar Randers 
(1941) to study the large-scale motions in a stellar body of this type. The motion, as may 
be expected, is extremely complicated, and at this stage only a recording of the very 
general features of the motion, as has been done by Randers may be considered useful. 

We limit ourselves exclusively to the case of axial symmetry. This case has been 
studied somewhat in detail by Rauders. The principal results he has obtained ure that 
in the case of symmetry about the equatorial plane in addition to the axial symmetry 
(i) there 1s in the meridianal quadrant no point or line (excepting boundary and the axis) 
of extremum circulation in the fluid; (i) on the external boundary the gradient of the 
angular velocity e, 18 entirely along it, i.e., on the boundary Qw/dn vanishes; (iii) if the 
angular velocity w is monotone along both the polar and equatorial radius it must increase 
inwards; (iv) the stream-lines in a meridian plane are a set of closed curves encircling a 
point near the equatorial corner of the quadrant, so that there are two closed vortex-lines 
in the fluid oue 1n each of the hemispheres. The other important conclusions relate to 
the order of the veloicty components in the fluid and certain other consequences when 
the meridianal velocity is small. 

The results recorded in this note all relate to Randers’ analysis from which it is 
shown that some further important conclusions may be drawn. In what follows we have 
preserved Randers’ notation, except for using w for W as the symbol for angular velocity, 
` and r for E as that for axial distance, 


2. THE HYDRODYNAMICAL EQUATIONS AND THE BOUNDARY CONDITIONS 


We briefly give below the relevant equations obtained by Randers. From the equa- 
tion of hydrodynamical motion 


ph = —pyO- vp piv div V v^ Y}, (1) 


where the external force is — V, the g-equation in the case of steady motion is 
obtained as 


iret] en] : 
where u and v stand for the r and 9 components of V respectively. 


* This note ia the result of several discussions by the authors on the article Large-scale motion in stars 
by Gunnar Randers ip the Astrophysical Journal (1941), 93, 109. 


3—1551P —4 
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This combined with the equation of continuity 


divoY 0 | (8) 


. gives 
divír'(poWo — uah = 0 (4) 
where we have replaced v by ro. 
Putting 
r'(pVw — uo) = rotb (5) 
and 
pM = roba (6) 
we obtain 
' mo rot & — ur? N7o = rot b. (7) 
Now putting 
=A, rby= B, 


tho 8- and r- Component of equation » can be written as 


OA ðw «1: 0B 
enl e en (8a) 
OA ,ow _ 13B 
From equations (8) Randers deduces the following 
or*dA —dB = pr ds | (9) 


where ds and dn are the elements of any aro and tbe corresponding normal respectively, 
dn being directed to the left of da. 

Equations (8) and (9) are important in Randers’ analysis. Our discussion below, 
excepting Section 8; is also based on them. Randers’ boundary conditions reduce to 
A=0, B = 0, on the equatorial and polar radii as well as on the boundary. of the' 
meridian section. In addition Go/On vanishes on the curved boundary. This corresponds 
to the vanishing of the azimuthal stress component on the boundary. There are two 
other boundary conditions corresponding to the vanishing of-the two other stress’ 
components on the boundary. — These latter involve the Une the meridianal velocity 
components, and their first derivatives. 

. The condition de/8n = 0, on the curved boundary, we shall refer to below as Randers’ 
boundary condition. In the following discussion we shall consider tho motion to be 
steady and make use of equations (B) and (9). Further, on account of the symmetry 
assumed we shall take Qw/Or = 0, on the polar axis, and Ow/ds = 0, on the equatorial 
radius of the meridian section, in addition to Randers’ boundary condition, 


- 


8. ON ROTATING VISCOUS FLUID 


We consider the possibility of a mass of viscous fluid rotating steadily about the polar 
axis with differential rotation. There will be surfaces of equal rotation within the fluid, 
and this rotation will change from one such surface to another so that we may consider 
the whole mass of fluid to be made up of thin shells, each rotating as a rigid body and 
gliding over the adjoining shells, resisted by viscous forces, 


$4 


LARGE-SCALE MOTION IN VISCOUS STARS 143 


` If we put all velocity cumponents except v equal to zero, we obtain, 


x dest 2:9 ,190,90 E 
0 = p| vs 5] V $3 Bor Oat 
For a viscous fluid u +0, hence we have putting v = ro 
Fw _ 800 Bua _ . 
ae c-r m E. (10) 


From this we conclude that the existence of viscosity imposes a restriction on w given by 
equation (10) in case of-steady motion of differential rotation about an axis. The 
equations of motions now all become independent of p. The other two equations are the 
same as for frictionless fluids. The consideration of viscosity only imposes a restriction 
on e given by (10), and a further restriction, dw/dn = 0, on the external boundary, the 
other two boundary conditions being now ‘identically satisfied. If there be differential 
rotations of frictionless fluid which also obey these additional restrictions, these motions 
will exist even when the fluid has any viscosity. It is quite possible the only soiution 
i8 w = constant. If, however, such differential rotation be possible, we find further 
important restrictions regarding the rotation. These are put by our boundary conditions 
and given by the following two theorems. 

Theorem 1. When a viscous mase of gravitating fluid has steady rotation about an 
axis which is an azis of symmetry, and the surfaces of equal rotation have no conical 
point on the azis, then the angular velocity cannot steadily increase or decrease from 
‘the axis parallel to the equatorial radius. 

Let OAB be a quadrant of the meridian section, the coordinates + and z- -belng 
measured along OA’and OB respectively. The angular velocity w at any point of the 
quadrant may be regarded as a function of r and s, which satisfies the differential 
-equation (10), We multiply this equation by drda, and integrató- over the quadrani.. 

Applying Gauss's integral we have 


| . Qu 1 9o 2 
E c BE -l-.ddrda = 
. l E JH- ET , l (11) 


where the first integral is taken over the three boundaries.” On account of the symmetry 
assumed 9o/82 = 0 on OA, and on OB 3w/Ər = 0 when the level surfaces are smooth on 
the polar axis, and further by panos condition Qo/8n = 0 on AB. . Hence we must 
have . 


fez Y? drds = 0. n 


This is an pobi if Ow/[Or is positive or negative everywhere. that is, if w either 
always increases or decreases everywhere parallel to the equatorial radius. 

Ii may be noted that equation (12) is consistent with Oe/Or = 0, that is when the 
surface of equal rotation are planes parallel to the equator; but this is inconsist nt with 
the surface condition Qe/On = 0, except when the boundary 8 8 cylinder. Buu 
w= constant is an exception, so that uniform rotation of a viscous fluid is surely 8 


possibility. 
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Some of the excluded cases implied by Theorem 1 are of great interest. To establish 
them completely, we first prove that in order that steady differential rotation may be 





possible, « should not only not change monotonically in the direction of r but w cannot 
also be an extremum on 4 level line inside the quadrant, except when such lines have 
‘folds’ of a particular type. 


mat ^7 


Theorem 2. Under conditions of Theorem 1, if the w level lines on the meridianal ~ 
quadrant be smooth curves between any two boundaries and have no folds (hump or 
trough) over the equatorial axis, then excepting the axial boundary and the equatorial 
plane there can be no surface in the fluid on which the angular velocity may be an estre- 
mum. 

The proof given below will apply equally to level lines of the type aa’, bb’, cc’, 19, 
and 28, as on such lines there is no extremum of 2, and so no hump or trough over OA. 
For instance, suppose 12 is a curve on which w is an extremum, and between 
12 and AB there is no other curve on which w has this property. Then mtegruting 
equation (10) multiplied by drdz over the area 124B, and argumg as in Theorem 1, we 
obtain equation (12), since Qw/dn will vanish over the entire boundary. But, for the 
assumption made, Ow/Or will be of the same sign in case of curves of the type 12 in this 
area, aud hence equation (12) cannot be satisfied. Hence for w level lines of the type 12 
there cannot be a line of extremum w inside the quadrant. Similarly, for w level lines 
of the type 28 there cannot be a line of extremum o within the quadrant. We note the 
above argument fails in the case of w lines having humps, or troughs with respect to the 
equatorial radius, in which case Gw/Or changes sign within the area considered. This 
happens jn the case, for example, of lines of the type 18. l 

Combining Theorems 1 and 2, we may conclude that no steady differential rotation 
of the above symmetrical type of a viscous fluid is possible in which the w level lines 
have no folds over the equatorial uxis. As special case we note that steady differential 
rotation of u viscous fluid with smooth ovals as w level surfaces is not possible. Similarly, 
the surfaces produced by the rotation of bb’, or cc’, about the axis of symmetry, are-also 
excluded as w level surfaces. 

The point which is of importance m the above theorems is that they involve the 
-monotonic behaviour of w in one direction only, namely, perpendicular to tho axis of 
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symmetry. Further, the theorems are independent of pressure density relation in the 
fuid. Itis known that differential rotation is not possible in a fluid in which the, 
pressure is a function of density alone. A proof of this is also involved in the work of 
G. Randers. This proof is dependent on the boundary conditions, It is, however, of 
interest to nove that if the pressure is a funotion of the density alone, then independent 
of the boundary conditions there can be no steady rotation of a viscous fluid ex- 
cept when the whole fluid rotates as a rigid. body with uniform angular velocity. 
Equation (10) is only the g-component of the vector equation (1), In the case when 
u = 0, w (component parallel to s-axis) = 0, the r- and s-components of this equation are 
the same as those for a non-viscous fluid with differential rotation about the s-nxis. If we 
now assume p to be a function of p only, then by Poincaré’s theorem w should be a 
function of r? only. Equation (10) now reduces to 


d? rdr 
of which the general solution is A 
w = = +B. 


* 


Ifa is to be bounded on the axis A = 0 which also ensures zero circulation on the axis. 
Hence the only allowable value of w is a constant. 


Considering ihe results of Theorems 1 and 2, it seems very probable that stable 


rotating configurations of viscous fluid will be possible only when w is constant all 
throughout the mass. 


4. NOME PROPERTIES OF GENERAL MOTION 


In the general case of motion with axial symmetry we have to satisfy the differential 
equations (8a) and (8b). We assume symmetry about the equatorial plane The 
boundary conditions become Ow/dn = 0, on the quadrantal’ boundary, on which further 
Az=0Q and B=0. 


Apart from the differential equation the boundary conditions alone introduce some 
restrictions on the values of angular rotation w. On the quadrant .OAB of the meridian 
section we note that in the case of symmetry about the equatorial plane the gradiant of o 
vanishes at each of the three corners O, A and B. From this we conclude that either 
all the points O, A and B are the points of maximum or minimum w, or, one, two, or 
all the three boundaries (polar and equatorial radii, and the curved boundary) are lines of 
maximum or minimum w. In the first case there will be at least three different famulies 
of surfaces forming level surfaces, and in some cases there will be maximum or minimum 
of e on the boundary. Leaving out these cases which may arise 88 the result of the 
action of very complicated factors within stellar bodies, we shall examine only those 
conditions under which e may always increase or decrease inwards parallel to the polar, 
or equatorial radius, l 


We oan have all the three boundaries of the quadrant as lines of maximum, or mini- 
mum o; to this we add the two cases when the curved boundary and only ane of the two 
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straight axes are lines of maximum, or minimum. w. But these possibilities are all ex- 

,cluded by the general property (1) proved by Randers, -according to which the Q lines, 
that is the lines of equal circulation should all start at right angles from the equatorial 
radius and end in the-curved boundary. It is not necessary to postulate any particular 
variation of w in these cases. The case of the two straight boundaries being lines of 
maximum or minimumtw is incompatible with the assumtion that w is monotone 
parallel to the polar or equatorial axis; besides in this case there will be a point of extre- 
mum w over the curved boundary. 

We can also have only one of the three boundaries as a line of maximum or mini- 
mum w.- Then curves of the type 11, «22, 33, may be possible types of w level lines, 
and in space w level surfaces will be those generated by the rotation of these lines about 
the axis of symmetry. : i 

The curves of the type bb’, and cc! as level lines are ruled out by Randers’ theorem 
(tii), namely, that if the angular velocity be monotone in both r and z directions, it must 
increase inwards. But Randers’ theorem is proved under the assumption that œ is 
monotone in both the r and 2 directions. In the theorems of this section we only 
assume that a w level line goes from one boundary to another, and has no ''fold'' over 
the axis of symmetry, so that w need not necessarily be monotone parallel to the equa- 
torial radius. The absence of “fold ’’ over the axis of symmetry is indicated by the’ 
property that along a w level line the co-ordinate r never attains a maximum, or minimum 
value. Under this restricting condition further properties of the w level lines are given 
by the following two theorems. | 

Theorem 8. Under conditions of symmetry assumed in Section 4, the angular velo- 
city e cannot attain a maximum or minimum value within thc fluid on a w level line 
which joins any two of the boundarics of a meridianal section and has no fold ovor the 
axis of symmeliy. 

We take the dynamical equation (9) and integrate this equation over a level line on 
which w is an extremum, saysover b,b, (Fig. 1). The directions of da and dn have been 
indicated in the figure, dn lying to the left of the positive direction of ds. On all the 
boundaries both A and B are zero; A = constant are stream lines, and Randers has proved 
that dA increases from the boundary inside the fluid, so that A is always posibive. If w 
is an extremum over b,b,, we have 


o [rad =0, 


or. oy partial integration | 
o fader = 0 (18) 


the integral Faing taken over the level line b 10,. Unless w vanishes, since A is positive 
this equation cannot be satisfied when there is no extremum of r* on tbe w level line, 
in other words this lovel line has no fold over the axis of symmetry, But o cannot 
vanish on a level line inside the fluid, since then it would be a Q level line on which 
Q=0. But the only Q line on which Q = 0 is the axis of symmetry, ns has been 
proved by Randers. Hence the theorem is proved for w level lines of type 6,6,. Simi- 
lar proof would apply to level lines of the Lype a,a, and 18. 
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Theorem 4. Under conditions of symmetry assumed in Section 4, if the w level 
lines in the fluid be of the type such as a,a,, and 13 which have no folds over ihe axis 
of symmetry, then the w values will increase inwards (i.e., from a corner A, or B towards 
the interior) on these lines; if the w level lines be of the type such as biba, with no folds 
over the azis of symmetry, then the w values will decrease inwards on these lines. 

The proof follows as above from integration of equation (9) over the w line. For 
instance, for integration over the b,b, level line we have as before 


o [4069 fr Bae = 0. (14) 


For integration from b, to b,, the first integral is positive, as by our assumption 
. there is no maximum of 7* on the level line; further if the o values increase inwards 
towards the axis on the level line, Gw/dn is also positive, and the above equution cannot 
be satisfied. Since by Theorem 8, e should vary monotonically on tho successive w 
lines, it must decrease inward on the level lines of type b,b,, 


-., For level lines of the type a,a,, and 18, equation (14) will still be true, Similar 
arguments will show that on these level lines » must increase inwards. 


We again stress the point that Theorems 8 and 4 give us new information in the way 

that for their validity it is only assumed that r does not atlain extremum value on the 

“w lines, which is Jess stringent than the condition that w is monotone in both rand g 
directions.  - 


When the w line is of the type 18 the equatorial plane rotates as a rigid plane and has 
the maximum rotation. For the type aa’, or a,a, the boundary surface ig a œ level 
surface. Since Gw/On vanishes on the boundary, there is in these cases a thin surface 
layer in which every particle has the same w value. The arguments given in: Section 8 
will show that this layer will not, however, rotate as a rigid body with an angular 
velocity w. 


5. A PROPERTY OF ANGULAR ROTATION 


- Jb has been shown by Randers that if the angular velocity w be monotone parallel 

to both the equatorial and polar radii, then it will increase inwards. This combined 

. with our Theorem 4 shows that w level lines cannot be of the type bb! on which w must 
increase outwards. 


The above theorem of Randers enunciates a property of the first derivatives of w, 
namely of Gw/Gr and Ow/@s, derived from the dynamical equations. Similarly, the 
dynamical equations determine snother property of the second derivatives. A typical 
stream line is POR (Fig. 2). There will in the meridianal plane be a current ruch as 
in the direction from P to Q which we shall call current below the surface. Similarly 
there will be a current such as QR which we shall call current in the equatorial region. 

— Then we have "E. 

"Theorem 8. Under conditions of Bection 4, the angular eee w cannot decrease 

in both. the r and s directions slower than 1/r°, anywhere in the current below the 


& « 
~ - *- o^ 


z gurface, ^ 07 P 


148 N. R, SEN AND N. GHOSH 





FIG 2 


From (8a) and (Bb) by eliminating B we obtain 


[VA x VQ] = p div (Pv), | (15) 
div = 4$ 


where Q = rw, Y represents the operator gradient, and the bracket on the left 
represents the vector product. From Fig. 2 it is apparent that VQ is to the left of yA 
in the current below the surface. Hence div(r*WVeo) must be positive, This means 


Demet 
art Ow / Or) ta, ow[0s) . 


must be positive. From this on the first hand we conclude that r°Qw/Or and r*'Qw/0s 
cannot both decrease out wards ; in other.words (since both the derivatives of w are assumed 
' to be negative) at any point in the current below the surface w cannot decrease in 
both r and g directions slower than 1/r?. 

We further note that if in the current below the surface w increases inwards 
parallel to the equatorial axis, then O'e/Or' and O'e/O0s* cannot both be negative at 
any point. 

Analogous properties of the second derivatives of w can also be established for the 
current in the equatorial region. 


6. ON THE STREAM LINES IN SYMMETRICAL MOTION 


--— 


From the picture ot the meridianal stream lines in case of symmetry about an 
axis and the equator we can have an idea of how the particles of fluid will move in the 
general case. The motion, of course, is equivalent to an anxial rotution with meridianal 
current. The stream lines A = constant on the meridianal quadrant are the projections 
of the paths of the particles on this plane by oireies parallel to the equator. If we 
rotate a closed curve A = const. about the axis we obtain a tubular surface. A particle 
once on this surface will le entirely on this surface at all subsequent times. Since 
the meridianal section of this tube is the path A = const., and on this curve there 
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is no velocity component in the direction of the normal in this plane, there will be no 
velocity component perpendicular to the surface of the tube at'any time. A particle 
will move on one of these tubes from the poleside top towards the bottom of this tube 
int a curve lying on that side of its surface which faces the boundary of the 
stellar body (the circulation on the meridianal plane in the upper hemisphere is 
clockwise), then pass round the bottom and move up the tubular surface on a curve 
lying on that side of this tube which faces the axis, Even in the case of 
steady motion it is not necessary that the path of the particle on the tube should 
come back on itself by the time a rotation in azimuth is completed. It may goup and 
down the tubular surface several times (or not even.once) by the time a rotation 
round the axis is completed, and proceed lo describe an exactly similar path displaced 
with respect to the previous one on the surface. The paths may indeed never be 
Glosed at all. There will be such tubes one within another on which the fluid 
particles wiil move. The particles on the surface will circulate on the surface and the 
equatorial plane, and return to the surface through the polar axis. What has been 
said at the end of Section 4 will now be clear. The fluid particles, so long as they lie 
within the surface layer spoken of there, will all have the same w, but they will wander 
‘into the region of equatorial plane und the axis, when they will have - different 
angular velocities. 


It may be noticed: there is according to this picture enough scope for the mixing 
ot the material of the deep interior with that of external region. For symmetrical] 
motions of the type considered there will then be due to convection no lack of stirring 
ot the stellar material. Stagnation in the process of energy generation cannot be 
expected to be general. 


7. SOLUTIONS OF EQUATIONS IN TWO OASES 


Though the equations of motion and the boundary conditions for the steady motion 
of a viscous fluid in a stellar body with axial and equatorial symmetry obtained in $2 
do not appear to be complicated, the construction of a simple case in which complete 
integration is possible, paying due attention to the requirements at the boundary, does not 
appear to be at all easy. Such an analytical solution would be valuable in studying the 
simpler characteristics of some typical motions. It has not indeed been possible to find 
a simple distribution in w satisfying all the requisite conditions and giving the typical 
stream lines described above. Nevertheless, complete solution of the equations giving 
the stream lines has been discussed in two cases which are of interest from other 
points of view." A general point ot interest which easily comes out from the analysis 
below is that the pattern of meridianal stream lines is independent of the co-efficient 
of viscosity u, when this coefficient is constant throughout the configuration. 


Case 1. Jeans (1921) has discussed the case for which the law of rotation i8 


o = f(6)/R? (18) 


* The complete boundary conditions have not been atiended to. The surface conditions ~,. = p..-0 
have been ignored. The boundaries, strictly speaking, are to be kept in form by surface forces, 
4—1551P—4 
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R, 0 being the polar coordinates of a point in the quadrant, in some detail and 
has concluded that such rotation is quite plausible in a stellar body excepting in the . 
internal core. But no boundary condition has been taken account of in that discussion. 
The boundary which will satisfy Randers’ boundary-condition for this o is not simple. 
We have, however, taken a circular boundary E =a for our integration. Wo can 
make the boundary a stream line though Randers’ boundary condition will not be 
satisfied there. The flow is expected to be different from that described in Section 4 
also on account of the fact that the origin is a singularity. 

Eliminate B from equations (8). We obtain a partial differential equation in A, 
which can be solved by the subsidiary equations 


«^ df se da » d(A] p) 
wr”) /Oe —QO(ur*)/)8Gr | O(r'Qo[0s)/8s + Q(1*0o/0r)/Or- 


. The combination of p with A shows that the pattern of meridianal stream lines is 
independent of p, and is determined by the distribution of w only. But since the 
velocity components u and w will depend on x, the pattern of stream lines in space on 
the tubular surface will in general depend on y. It will be convenient to introduce 
polar co-ordinates R, 0 and write these equations as  , 7 ' 


RdR B Rado d(A}n) a7) 


G(oR'cos8)/G00 ^ —O(sR*cos*0)/]OR (r°Gw/Sz)/Ga + G(r^Gw][Gr)] Or 
putting | 
r=H eos 6, z= R sin ð. 
The third denominator can be calculated- for w given by (10). It takes the 
form (1/ R)Y(0), where : 
Y(0) = cos?6(cos 0.]" — 8 sin 6.f!--2 cos 6.f). : (18) 


and 
f = offoR, f” = (efj/oR), 


An integral of (17) is obviously 
o FE? cos*é = constant, : (19) 


which for the present value of w takes the form 0 = const. The general integral is then 


furnished by- 
Y(0)4R = (1ju) G(f cos?80)/00.dA, 


0, for the time being being regarded as a constant. This furnishes the integral 


/ * ((cos 0.f/ —8 sin 0.f! — 2 coa 0.f) 
A = 2 Cos" (cos 0.f ein + FU 
j Alf cos*6) [C0 xii 


\ . 
F(0) being an arbitrary function of 0. We can now choose F(6) such that'ior R = a, 
A= 0, independently of 6. ; i 


This gives ; l 
Alp = (a — R).2280 (2 cos 0.f + B sin 0.[/ cos 8.7). 
f N O(f cos?0)/38 (20) 


We shall now further choose f(6) such that the two axes also become stream-lines.' 
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We take the simple case _ B aine E 
w — pa . 





2 


The stream lines will be given by A = const, where 


- Alu = 4(a — R) sm 0 cos!0[ (8 cos? —- 2) (21) 
Bo that l . 
R a— (A[u)(8 cos*0 —2)/4 sin 6 cos!6. (21a) 


The stream line patterns are independent of the constant B which was proved generally 
by G. Randers. - l 

The axes are the stream lines A= 0, Also on R — a, A vanishes for all values of 6, 
except 6, where cos 0, = y (2/8). On the line 0—60,. A = co. The stream-lines are 
shown in figure 3, and join the origin to the point P(0 = 0,, R = a). The line A = co divides. 
the quadrant into two parts. On the lower part we have stream lines corresponding 
to all positive values of A, and on the upper part those with negative values of A. By 
calculating the velocities it may be shown that the flow is from the point P to the 
-centre O, along different paths on two sides of OP, on which" the velocities are finite. 
Along PO the motion is from P to O, with infinite velocity. This flow is entirely of a 
different pattern from what has been described in Section 4, and resembles that between 
a source (P), aud a sink (O). It has no resemblance whatsoever with the pattern of 
closed stream lines we are looking for. 1t may be noted that as the distribution of w 
does not satisfy Randers’ boundary condition, the boundary is to be kept in form by 
external constraint. » 


8 





X» 
LU 
o 
Q : E 4-0 A 
i FIG 3. 
The case w = B/R?, can be easily deduced from this. `The stream lines are 
l Aju = (R —a) cos*6/sin 6 (22) 


and have the same pattern as in Fig. 8. The point P now comes on the equator so thai 
only negative values of A are now allowed. 


CasE 2. The surface of the sun in the lower latitudes has a distribution of angular 


velocity of the type (Ünsold, 1988) 
: w = a—b sin’, (28) 


—- 
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If we agsume this to. be ihe distribution of w > within a stellar body, particles on circular 
conés with apex at the centre will have the same angular rotation. If the boundary of 
the meridianal section be a circle then the condition 8o/8n =.0 will be satisfied on this 
boundary. 

As before (19) i is an integral of the equations (17). There is another HERUM which 
gives the general integral 


= = :n204 COB AE 4 gin*t — 8 gin?t COB dt FY R? *0 l 
Aju ZDR cos 0 (a— b sin?6) f e ED BM UT wk? cos ). 


To get a completely integrable case we put à = b Then we have the general integral 
Aly — R cos*ó| 8 log DLL 2 log (sec 6+ tan 0) — 2 tan 0 sec o| +F(R cog*6). 
- —fB8 " 


We now choose the arbitrary function F such that 4 — 0, on the boundary R =a 
(assumed circular) for all values of 6. This gives 7 


UNE 3 5 1+ 7 (1—RB/a.cos*6) | 20... 
R cos ^8 log ILV- Ra cos) 2 log {y (a/R). see 0+ y (a/ R.8ec?0 — 1)] 


— 2 y (a] R).gec 0. J (a/R. sec*—1) |. 
Hence the stream lines (A = const) will be given by 


A/p= R cos*6| à log (l+sin 8)f1 — y (1— E a.cos*0)] - 


(1—sin 0)11-- y (1— R[a,cos*6)] B 
—2 tan 0 sec 0-- 2 sec Oy fa/R.(ajR. sec*6— 1) |. 


It ean be shown that 0 = 0, and 8 = 12/2, 1.6., the equatorial and polar radii are not 
stream lines. The stream line pattern is very peculiar, Generally, the lines are curves 
concave to the centre going from the polar to the equatorial axis, bulging oui towards 
the middle and moving nearer the centre before they meet the equatorial axis. The 
stream line A= O0 is the circular boundary, and a small curve between the point 
on the equator (end of equatorial radius) and a neighbouring point on the equatorial 
radius (this part of ihe hne is to be completed by its image in the lower quadrant). 
Within the loop of this small curve the stream lines are given by negative values of A ; in 
the rest of the quadrant the stream lines are given by positive values of A. At the centre 
A/p=2. The stream lines cut only the polar axis normally, but not the equatorial 
“yadius.* This pattern also can hardly correspond to actus! motion in stellar bodies. 
These two cases only point to the difficulty of constructing a case of possible motion 
true to the necessary mathematical conditions. 
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ON PARALLELISM IN RIEMANNIAN SPACE—II 


By 
R. N. Say 


(Received December 8, 1945) 


$1. This paper is a continuation of a previous one iow 1944) in which, with the 
introduetion of an orthogonal ennuple ,Af (v, i = 1, 2, ..., ) at each point of a Riemannian 


space whose metric is given by 
da? = Jij da* dal, 
where 
gg = D'hi hi, Thy = guy sh’, 


the parallel displacement of a vector V’ defined by 


dV Yi Vide! = 0 ` (1.1) 
where i 
= Oth, a: th 
E Vi =4 AS uj + e!) 


was considered, and its connection with Levi-Civita Dorsten for the expression oi some 
fundamental invariants was undertaken. 


With reference to the letters used as indices, small Latin italies letters are used for 
coordinate indices while capital and small Roman letters are used for indices referring to 
the ennuple. The signs of summation with respect to indices when they occur once 
above and once below are, as usual; left out, out other 2/'s are " Tétained. 


Using the notation () with a subscript to denote covariant derivative with respect 


to (1.1), < 
(hiy + (hj); = 0 (1.2) 
whence | 
(gin (gait (ard; = 9, (1.8) 
(Thay Chop + (hy) = 0. (1.4) 
It Riu denotes the curvature tensor formed with respect to (1.1), 
(hg — (rh) (hi); = Th Rim. (1.5) 
Also, if we put Egu = gu Rua, then | 
(gii (gau (Gals: = Bait Fugcr Rigi. E (1.6) 


This is seen by multiplying (1.5) by "hi, summing for v, and arranging. 
Now, if Kj is the curvature tensor formed with respect to the Levi-Civita parallelism, 
and Kyrn = gu Kirn then, as is well-known, " 


Ku Kig == (), Eijs Kyau = 0, Kix = Kug, Kg Kay + Eun zs. (1.7) 
'These properties are nob, of course, all independent. 
Obviously, Riz possesses only the first and the last of the four properties (1.7) by 


virtue of the very nature of construction of a curvature tensor and of the symmetric 
property of Vi in? and }. 


\ 
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+ 


The tensor Ej can be expressed as 


i Riu = (Aj)i- (Afe t An Ar- Af AN (1.8) 
where T T 
— Also, putting 
gP (gV) = (g¥)*, 


it can be seen from (1.8) that l l 
(g9)* + (g) + (gi = 0. (1.9) 


§2. In the paper referred to it was shown that 


aos Kiji Rog = 9g" (9n)(go— (9y0s(gu)d + (951)u — (Gaver ` (2.1) 
u 

Pager = g"l(gseu(ga— (Iga): l (2.2) 

Aiye = (9y)u — (Gate (2.3) 


It is seen that Pos possesses all the properties (1.7) while 4,5 possesses only the first and 
the last of these properties. 
Put 


Aij = Aym t Ajit Anny + Anyi. (2.4) 
(Ina = AUuCh)a Hhaha) t Choji hahi hhh). 
it follows in consequence of (1.2), (1.4) aud (1.5) that 
‘tees Bord ES 43 (205 hy) Ch) ha)i + ChaCha 
Ryu = Pant Bjt Ruy t Bayi, : (2.5) 
Qi = ZB {Ch *hy)t t Phy uty) + Ch) Chi). (2.6) 


Since 


Put 


a 


Finally, substitute jäk, klij and lkji for ijkl in turn in (2.1) and add the four expressions 
80 obtained. Then f i 
í —OÉgu- Ryn = Pont Qua, (2.7) 


where each of the tensors Rep, Piss, Qux possesses all the properties (1.7). 

The relation (2.7) shows how the Riemann-Christofell tensor is expressed in terms ot 
the parallelism (1.1) by tensors which have the same properties with respect to the indices 
as belong to the former. 

The contracted curvature tensor and other tensors and invariants arising in that 
connection can be expressed as follows : 

Let — 

Ka = g* Kyr, Ra = gv Baye, Pre = gp hi 
and , fy, and Bi be the symmetric and skew-symmetric parts of gRr. That is, 
age — ig" (Bg Rasi), Ba = 3g (Rig — R ju. 
Similarly let ,Ej; and Rii be the symmetric and skew-symmetric parts of g Eu. 


For the sake of convenience, consider also „Ak, Aa and ,dg, 24, formed from 
g' Ag and g" Aya; in the same manner. 
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- Further let . : 

K — g*Ka, P-95P. R= g",Ry, „R= gt Bo, 

From (2.5) id f i E i 
R g = 2( Ey ). 
From (9.1) E ae 
, Ky— Ry, = Pg Z5 ` (2 8) E 
Bam —Àa, oR = o—.44. 2.9) 

From (2.8) RR NU | 


Age = g’ llgada agat ihat]. 
Therefore, by (1. 8) and (1.6) 
Age = 29" (Qse) its 


— 49" (Gs) + (gdn + (Gi + gun + Greist + Gesu] = 89" (9) 


= PET By Raj) + {Rya Brat Rugi] = So (95) Tay Rye. 


"Therefore, from (2.8) l 
Kj, = 2 Rye Fait Pret 39" (9)n. (2.10) 


K =2, R+, R+ Pago gua. — (2.11) 
Again, from (2.8) 
Ay = tgh lgu (gy) 
and 

- g"(gu)s = 9g" (gu)u = 39" (guo + (Geiss = — 49" (gau. 
Therefore from (2.9) . i 
Bg = tg” lga (92) sx} - . (2.12) 


Also, it is easily seen (Eisenhart, 1927) that ‚Rs is the curl of a vector: 
| OT; OT: 
Ra = = (S4- a), . (2.12) 
where (Sen, 1944) l 
i i ; 
T, -v5-i ii = g"(gu)e Ty = Tip (2.18) 
Equality of these two values of Bg can be easily established. 
Lastly, 
Aa = eaa Jala + (gau (gals) 
Therefore, from (2. 9) a (2.12) l i 


, Ej t2 Ry = 4u a. (2.14) 


$9. We shall now give a divergence formula for a skew-symmetric contravariant 
tensor of the second rank, For this purpose we introduce the tensor Bj; defined by 


Bag = 9" {(Gar) (Gade Gagah. (8.1) 


It may be seen that like Aj, the tensor Bazı possesses only the first and the last of the 
properties (1.7), and that - : 


Buu = Bynt By Bug Bay, = oP guy, (8.2) 
where Pj is defined by (2.2). ` 
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Now, let v! be a contravariant vector, and £V a skew-symmetric contravariant 
tensor. 


* * 
If {} with a subscript denotes covariant derivative with respect to Levi-Oivita 
parallelism, then, in consequence of (2.18) and the skew-symmetric nature of £* 


(09); = (vto vg" (guo, (8.8) 
(E), = {Ey + £o" (ag. - (8.4) 
Supposing for the sake of convenience (£9), = nf, we have from (8.3) | 


JE (9); = nen n9 (98). 
Therefore from (8.4) 


(£7) = OS £797 (05); [ (£915 + E" (0919 9): 
= {Ebi + {EMO gait CAGE Ganda + Eg" (G9) £19" Ga): £Pof 9t (gis) (Garde. 
For simplification of the above we notjce the following: 
{EN — 0, (Levi-Civita, 1929), 
("ho^ Gai + {bs 9"(gae = 0, V+ = 0; 
ENP} Gm) = 0, {974s = 0; 
Egg" IG = O, 
g' (gu) = 9" (ga), = 497" {(Gulit (Gust = — 897 (990. 
EPI I Gg ae = FEI IIa = 0, sere =0. 
{a)i = (Gee) 9" ga i9,0c- (Gas) (aide + (a)i. 
And since £* is skew-symmetric 
| | Eoo Onge = 0, EFGHI = O. 
Therefore finally (interchanging i and l) we have l 
(£7); = EJH L9 p)u + g*a. . (8.5) 


This formula may be written in a more convenient iorm : 


for ` 


Lastly, 


r 


From (8.5) we have ] 
(£7) = EP {gat a" (gadgs)d = >E anat ga (00)0- ” 
Adding this to (8.8), | 
p (£V); = EFP [Kla una * 9" {(Gae)s(9or)e— Galga] 
(Ej = 3EUg" (Aug + Bud), ` (3.6) 
where Ayx and Byr are defined by (2.8) and (8.1) respectively. 


OT, 


This is the required divergence formula in terms of the parallelism (1.1), 
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< 


It thus appears that besides Bau hà tasers Asti, Bu, P 5i Yigt are some of the 
important tensors in Riemannian geometry from the point of view of the parallelism (1.1). . 


$4. The relation (2.7) and the tensors associated with it can be expressed in terms 
of the components with respect to four members 1, J, k, L of the ennuple and geometrical 
interpretations given. 
. The -coefficients of rotation with respect to the Levi-Civita parallelism and the 
parallelism (1.1) are the quantities Yok: Bu respectively defined by* (Thomas, 1984) 


Yue m (hA, o Bur = (hj, C «3 AD 
whence p l . 
~ 4 Yuk + Yak = O, Bac Bus =0, 


They are connected by the relation (Sen, 1944): 
yuk = Buk + Bata + Bua. . (4.2) 
Corresponding to the weil-known four-index symbol of Ricci 
Yu = Kix Ai Vv hë h! 
which is expressed i in terms of the coefficients of rotations d '8, we form the symbol 
à Bun = Ryn h, h? y^^ hi 


= ia. 28 ue Dv. | X2 rn + Baben F "NE tes : 


= LE Barbas) m (4,8) 


and pub . p” 
Bui = Bux. + M + Brus + Bas l (4,4) 


It i ig Alien seen from (4.2). or (2.7) that l 
Yuku = Busra + BA Bn + Bus) (Bae + Bin) — (Bir + Bure) (Buz + 8152) E 
| + XB + Bon Bric Bran]. (4.5). 
The Riemannian curvature in the orientation determined by the two lines 1 and 1 of the 
ennuple follows immediately from (4.5) as " 
Yuu = Buy XB + Bm)? — 4B mir ~ 9(89)*]- (4.6) 


The sealar eurvature is given by — yom and 18 the same as that given by K in (2.11). 


The « expressions in the —À and jhird terms in the right-hand side of (4. 5) are 
respectively the n-uplet tensors 
Py h! sh? yh? ht and Quy S hth, 
where Pi; and Qiu are defined by (2.2) and (2.6). 
* Thomas has made use of the fundamental vectors rh‘ to construct various seta of scalar invariants, 
including these coefficients, und establish relations and identities among them by the use of normal coordinates 
in what he calls affine spscs of distant parallelism, and not specially in the metfic or Riemannian space, 


"fee pp. 48, 104, 115, 129, 189, 
6—1551P—4 - l 
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| Á]so, for dc and Bag dofined by (2.3) and (8.1), we have 
Agade M VM = Bas Bo + {Arna + Desi Bus), 
Bag htl hë h = E [Bst Bust) (Bria By) — (Biter Pe (Ba + Bid. 


Let these four n-uplet tensors be denoted by Puks qux, ux, and Dj. They are 
expressed in terms of the coefficients of rotation which have a geometrical meaning, 
namely that Bux is the rale of change of the scalar product of the vectors ih and h for a 
displacement in the direction of xh in which h is-moved by local and ,h by parallel 
displacement (1.1). We may also look at these n-uplet tensors in the following way: 

Let i EC 

; ; fra = Gig hi I. M l 
Evidently fj, is the. scalar product of ph and gh and is equal to à. Itis known that fr 
does nob undergo any change when ph and ah are moved along a curve by Levi-Civita 
parallelism. 


Let fre, denote the rate of change of fra when ph and 4h are given pus transport 
(1.1) along 2h. Then 
fea, n = (Jie rh gh? m 


Also, let fro, s, s , denote the rate of change of fe, e when ph, ah and ,h are given parailel 
transport (1.1) along sh. Then z 


Íra, m 8 — (guy) Ai git? ah” VR, 
Duk, = X fu, fik o7 Tu, rfa 0) (4.7) 
biu. = E (ln, 1] i7 Finn, y; f l (4 8) 


It may then be seen that 


liuk, = fax, ne Ín, 1, ko 


diku = pu 7 (By. M Bras) : l (4.10) 


Evidently these n-uplet tensors possess the same properlies with regard to the indices as 
are possessed by the corresponding tensors expressed in terms of the general coordinates, 
and they are related in the same manner. 


Fmally, let vi be a contravariant vector. Then 
vy = v! *h,, po TE 


By covariant differentiation with respeet to (1.1) 


Tk = [(v*), “hit okay] Lhe, 
L : 
where ids e She 9 
d8, "o sb 
z oe (v5), + Z v; Bus, ^ 
y da zk C 


(4.9)- 


Lo] 
A^ 
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Similarly, for Levi-Civita parallelism, | . 


* 


dvy 

| 3 dn. 
It all the congruences of the eniiuple, didi are dutoparallels with respect . to (1.1), are 
also geodesics (Levi-Civita, 1927), then by (4. 2) 


"dii + 3 V; Yu. 


in Yuk = Pix = 0, 4, k = 1,2, - 
and therefore E» 
T iem (0. pu is 
- * r] i = 7 b 
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